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Abstract

We consider a nonsmooth bifurcation equation depending on a small parameter
€ > 0. In Theorem 1 we provide conditions ensuring the existence of branches of
solutions, smoothly depending on e, emanating from a curve of solutions of the
bifurcation equation when € = 0. Several examples will illustrate the different types
of bifurcation that occur in the present nonsmooth case.
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1 Introduction
In this paper we consider a bifurcation equation of the form
P(z) +eQ(z,e) =0 (1)

where P : R" — R" and @ : R" x [0,1] — R™ and € > 0 is a small parameter. Assuming
the existence of a parametrized smooth curve 6 — xy(6), 6 € [0, 1], of zeros of the function
P, namely P(z¢(6)) = 0 for any 6 € [0, 1], we look for conditions ensuring the existence
of smooth families of solutions x(g),e > 0 small, of (1) originating from the curve xy(6)
at some 6y € [0,1]. In [19] the solutions of (1) represent the fixed points of the Poincaré
map P. associated to a periodically perturbed autonomous dynamical system of the form

¥ = f(z)+eg(t z,e). (2)

where f € C*(R",R"),g € C'(R x R" x [0,1],R") is T-periodic and ¢ > 0 is a small
parameter. In fact, defining
P-(z) — Po(x)

P(z) =Po(z) —x and Q(x,e) = . , (3)

we can write P.(z) — x = P(x) + eQ(x, €).

Precisely, in [19] the existence of a branch of zeros of (1), parametrized by € > 0, bi-
furcating from the curve z( () is proven. For system (2) this is equivalent to the existence
of a family of periodic solutions originating from the limit cycle of the unperturbed au-
tonomous system. The uniqueness and asymptotic stability of these bifurcating periodic
solutions are also discussed. Existence, uniqueness, and asymptotic stability of periodic
solutions emanating from a limit cycle of an autonomous system when it is periodically
perturbed is a very classical problem, see [4, 23, 25]. The regularity assumptions on the
functions f and g in (2) guarantee that P € C*(R",R") and @ € C*(R" x [0, 1],R"™).

On the other hand, in many problems involving dynamical systems such a regularity
for the associated bifurcation equation is not available. In fact, many dynamical systems
arising in applications are nonsmooth. Recently, considerable attention has been paid to
the study of the dynamics of nonsmooth systems by means of a bifurcation analysis, see
[10] and the extensive references therein. In this review paper the authors have focused on
the state of art of the bifurcation analysis in nonsmooth dynamical systems by presenting
a large number of results and examples. A precise classification of the different types of
the nonsmooth systems under consideration is given. The study of the related bifurcations
of equilibria and periodic orbits is also provided.

One relevant example of nonsmooth systems is represented by the piecewise smooth
(PWS) systems [11]. In particular, by using a method developed in [15] and tools from the
smooth and nonsmooth analysis several authors have performed both qualitative analysis
and control of the local properties of the Poincaré map associated to PWS systems. The
local analysis has permitted to study and classify the dynamical behaviors of such systems
in terms of the different discontinuity-induced bifurcations that can occur in presence of



collisions of a limit cycle with a surface at which the dynamics of the PWS system changes,
see [8, 18, 21, 24]. Since the occurrence of such collisions can generate a sudden jump
from a periodic to a chaotic evolution it is important to control the local properties of the
Poincaré map to obtain a desidered dynamical behavior, see [1, 9].

Following [10] other important classes of nonsmooth systems are represented by the
discontinuous PWS systems (Filippov systems) and the impacting systems. For the first
class it is of particular interest to investigate the existence and the properties of the so-
called sliding bifurcation for the Filippov regularization of the discontinuous systems, see
e.g. [20, 26]. For the second one, recently the dynamical analysis and the control of
impacting systems has received a new attention, in fact their complex dynamics exhibit
interesting bifurcation behavior as illustrated, for instance, in [7, 12].

Many other books and papers have been devoted to the study of nonsmooth dynamical
systems, more examples and motivations can be found in [2, 3, 5, 16]. Concerning the
theoretical setting to approach the dynamical analysis of such systems we refer to the
recent books [13, 14], where the author provides rigorous mathematical tools for handling
bifurcation and chaos in a broad variety of nonlinear problems like the study of oscillations
and vibrations in mechanical systems.

In this paper we consider the equation (1) in the case when the function P is continuous
but not Fréchet differentiable at the points z¢(6),0 € [0, 1], at which we want to study
the existence of bifurcating branches of solutions of (1). The function ) can be either
discontinuous or not Fréchet differentiable at these points. We will only assume the
existence of the limits at x¢(0), of the derivatives P’, Q)" of the restrictions of P and @ to
suitably defined open subsets of R™. We suppose that the limits of P’ have zero as a simple
eigenvalue with corresponding eigenvector xj(6). As we will see, in the present nonsmooth
case, there could exist more than one branch of solutions emanating from () for some
0o € [0,1]. The advantage of our general bifurcation theorem is that it does not require
the usual Lyapunov-Schmidt reduction but only a suitable scaling of the state variables,
which reduces significantly the required analysis.

In Section 2, Proposition 1 provides a simple case of the bifurcation equation (1) in
R2, for which we establish sufficient conditions for the existence of the various types of
bifurcation that can occur when P is not differentiable at the bifurcation point zq(fp).
Precisely, when the function P fails to be differentiable at z¢(6y) we can have the existence
of a single branch as well as that of two branches of zeros of (1) emanating from zy(6y) or
even the nonexistence of solutions near xy(6p). We end Section 2 by showing three very
simple examples for which the different conditions of Proposition 1 are satisfied.

Proposition 1 is a very particular case of the main result of the paper proved in Sec-
tion 3, namely Theorem 1. In fact, Theorem 1 is set in R™ where we assume that the
smooth curve 6 — z((0),0 € [0, 1], of zeros of P is the intersection of a finite number of
smooth (n — 1)—dimensional surfaces intersecting each other transversally. We assume
that P is continuous and not Fréchet differentiable at x¢(0), 6 € [0, 1]; @ is either discon-
tinuous or not Fréchet differentiable at the points of the smooth curve 6 — x(6),60 € [0, 1],
which is the intersection of a finite number of smooth (n — 1)—dimensional surfaces in-
tersecting each other transversally. We also assume that there exists 6, € [0,1] such



that z¢(6p) = k(6y) and so the above surfaces divide any sufficiently small neighbor-
hood of x¢(6p) in disjoint open sets Dy and A; respectively. We formulate conditions on
o, Di, Aj, P and @) to ensure the applicability of the classical Implicit Function Theorem
in the open set Dy N'A; to a suitably defined function ¥y ;(w,e) whose zeros, for ¢ > 0
sufficiently small, are solutions to (1). Specifically, these conditions are expressed in terms
of vectors, denoted by w,i, which are defined by means of the functions P, (), the limits
at xo(6p) of the derivatives of their restrictions to the open sets Dy N A; and the Riesz
projector associated to the eigenvector x’(y) corresponding to the simple zero eigenvalue
of
/ : /
Pi(wo(bo)) = xﬂxo(légfxel)k Py(z).

Such conditions ensure that 20(6y) 4+ dw] € D N A, for § > 0 sufficiently small and
that wi is a simple zero of ¥y, ;(w, 0), this in turn guarantees the existence of a branch of
solutions to (1) lying in the open set Dy N A; of the form zy () = xo(fo) + cw] + o(e).

Furthermore, Proposition 2 and Lemma 2 show that the existence of the simple zero 6,
of the Malkin bifurcation function M, ;(6) associated to the problem, see [25], is equivalent

; 1
to the existence of a simple zero wj, of ¥y ;(w,0), where w = —(x — z0(6p)). Therefore,

as pointed out in Remark 4, the conditions of Theorem 1 can be equivalently formulated
in terms of the existence of a simple zero 6, for the Malkin bifurcation function My ;(6).
We end the paper by presenting in Section 4 an example of a periodically perturbed
autonomous dynamical system in R? which satisfies all the assumptions of Theorem 1
and having two branches of solutions originating from z((0).

2 An Introductory Simple Case in R?

Consider the equation P(z,y)+eQ(z,y,c) = 0, with P : R*? — R*and Q : R?x[0, 1] — R2.
Assume that the equation P(z,y) = 0 has one-dimensional set of solutions given by

xo(0) = (g) , 0 € ]0,1], that P is continuous in R? and that it is not Fréchet differentiable

at zo(0), 0 € [0,1]. Assume that P is twice continuously differentiable at any point
(z,y) € R?* with y # 0 and that, for simplicity, the map @ is smooth in R2. Denote by
P! (z,y) and P} (x,y) the derivatives for y > 0 and y < 0 respectively. Assume that these
derivatives have the limits

lim P! x, = P! ﬁJ,O and lim P x, — p i’,()
(24) o (5.04) ' (z,y) '+ (2,0) (oh05) ' (z,y) 1 (2,0)

0
vector xy(f), we assume that it is simple. In what follows by span(v) we denote the linear
space spanned by the vector v.

Let m1(0) : R? — span(z}(6)) be the Riesz projector given by m(0)v = (v, 21 (0))x}(6),
where z4(0) is the eigenvector of the adjoint operator (P (zo(f)))*, corresponding to the

for all 2 € [0,1],2(0) = 1) . Moreover, zero is an eigenvalue of P/ (x¢(#)) with eigen-



zero eigenvalue, such that (z.(0), xzy(6)) = 1.

Therefore, the one-dimensional subspace F1(0) = Ker(m(0)) is invariant with respect
to PL(zo(0)), and R? = Im(7+(0)) ® Ker(r+(0)) and 71 (0)PL(zo(0)) = 0, see e.g. [17].
Introduce now the Malkin bifurcation function, see [23, 25], M1 (0) as follows:

M (0)z4(0) = (Q(x0(0),0), 24 (0))(0).
Hence M. (0) = 0 if and only if 74 (0)Q(x0(6),0) = 0.

Here and in the following (-, -) denotes the scalar product in R™. Finally, we denote by
n4(xo(f)) the normal vector to x¢(f) directed towards y > 0 and y < 0 respectively and
by F(’T) (v,e),v € R™, the derivative of F'(v,e) with respect to the r-th variable, r € {1,2}.

The following result is a straightforward consequence of Theorem 1 of Section 3.

Proposition 1. Assume that there exists 6y € [0, 1] such that

1. 74(00)Q(x0(60), 0) = 0;

2. The operator

A (o) :=m+(00) Py (20(60)) (= PL(0(00)) | (1-rs (00))2) ™ Q(0(60), 0)7(60) +
+ Ty (‘%)Q’(n (z0(6o), 0)m+(6o)

18 1nwvertible.

Let
Yo = (—PL(20(00))|(1—ns 00))r2) " Q(w0(60), 0), (4)

rE = (A 80)) (e (O0)Qla) (r0(60),0) — e (B0 P mol60)) i i
—7+(00) Q) (x0(6o), 0)y5) (5)

and wy = yi + 7.
Then, for e > 0 sufficiently small, the equation P(z,y) 4+ eQ(x,y,e) =0

L has two branches of solutions emanating from xo(6o) if both the following conditions
(wg,n+(20(00))) >0 and  (wy,n_(z0(60))) >0 (6)

are satisfied. The branches of solutions have the form

(5 €)= aalt) + eu + o 7)

Y

II. has a branch of solutions if only one of the conditions (6) is verified.



Remark 1. It is immediate to verify that if both the conditions (6) are violated then (1)
does not have any branch of solutions of the form (7).

We now provide three very simple examples to illustrate the different bifurcation cases
described in the above Proposition 1. The only aim of the proposed examples is to verify
the conditions of Proposition 1 in very simple situations, in fact it is evident that we can
get the same conclusions by trivial direct calculations.

Example 1. Let P(z,y) = (’2‘), Qx,y,e) = (Ix++yy—_1{2) and xo(0) = (g),

6 € [0,1]. Let 6y = 1/2 and consider the directional derivatives of P at z((6y) along y > 0
and y < 0 respectively
0 0
Pttt = () 1)

Observe that z{(6y) = is eigenvector of P (z¢(fp)) corresponding to its simple zero

1

0
. 1 2 1 . .

eigenvalue, moreover z4(6y) = NE Hence 74 (6p) : R* — span( 0 ) is given by

71+ (0p)v = w(0g)v = (v, 25(0o) ) 25(6o)-

Since Q(z0(0y),0) = (_?/2> we have that m(0y)Q(z¢(6y),0) = 0, namely M, (6y) = 0

and so assumption 1 of Proposition 1 is satisfied. The vectors y(jf are given by

YT = (—PL(wo(00)) | —r@opz) ' Qa0 (60), 0) = (i?ﬂ) |

Furthermore, since

P(z0(0o)) = 0,

w6 Qly ol 0 = (7).

(B0 Q aalt. On(e0) = (3 ()

Ql2)(w0(6o),0) = 0,

we have that assumption 2 of Proposition 1 is verified and :E(jf = (:Fl/ 2) , therefore

0
F1/2 .
wy = (il;?) . Since

(wy , nx(z0(fo)) > 0,



where n(xo(6)) = ( :S 1) , Proposition 1 ensures the existence of two families of solutions

to P(x,y) +eQ(z,y,e) = 0 originating from xy(6y) = (1(/)2) given by

()= (6) + (55)-

Example 2. Let P(I,y) - <|y| _[')_ 2y> ) Q(Iay7€> = <xx++yy—_1{2> and xO(Q) = (g) 9
0 0

6 € [0,1]. Let 6 = 1/2. We have P.(zo(6)) = (0 3) and P’ (zo(6y)) = <8 (1)) .

As before .
ah(0n) === (00) = ().

P(z(6)) =0,
7(60)Q(0(6h),0) = 0,

w(60)Qly ol6u). 000 = ().

QI(Q) (Io(eo), 0) =0.

In this case we have yi = (1(/)6) Yy = (1(/)2) Ty = (1(/)6> Ty = <_é> , hence

(wg ,ny (z0(6p))) >0 and (wg ,n—(z0(6y))) < 0.

By Proposition 1 we get the existence of a family of solutions of the form
2\, . [(1)2 ~1/6
()= () (e)-

Example 3. Let P(x,y) = ( 0

_|y|) , Q(z,y,¢), zo(0) and Oy as before. We have

0 0
Piaton) = (o 1)
. . L [+1)2 .
proceeding as in Example 1 we obtain wy = F1/2 and so (wy,ni(zo(h))) < 0. By

1/2
direct calculation we verify that there is no solutions near zy(6y) = ( é ) .



3 The Main Result: General Formulation in R"

In this Section we consider the bifurcation equation
P(z)+eQ(z,e) =0
where P : R" — R" and @ : R" x [0,1] — R™.

Assume that the equation P(z) = 0 has a parametrized one-dimensional set of
solutions {x¢(),0 € [0,1]}. Denote this set by I'p. Assume that I'p C NI, ML,
where M!" are (n — 1)—dimensional smooth surfaces in R™. Then the oriented normal
ni(r),x € MP,i = 1,..,m, to each surface is well-defined. Assume that the given sur-
faces divide any sufficiently small neighborhood U(I'p) of the curve I'p into 2m open
domains Dy, k =1, .., 2m. We suppose also that the map P has continuous Fréchet deriva-
tives P, P}/, k = 1,..,2m, in every domain D), and all these derivatives have limits

P(z,):= lim Pi(z) and P/(z,):= lim F/(x)

T—xp, tED), T—xp, xED)
forall z, € I'p,k =1,..,2m.

Moreover, assume that () is either discontinuous or not Fréchet differentiable with
respect to the first variable z on some curve I'g = {x() : 6 € [0,1]}, such that
Ty C Ni_, M?, where M? are (n — 1)—dimensional smooth surfaces in R”, and that
there exists 6y € [0, 1] such that x4(6y) = K(6p). All the considerations below concern the
existence of solutions in a neighborhood of z¢(fy). Any sufficiently small neighborhood
V(I'g) of the curve I'g is divided into 2/ open domains Aj,j = 1,..,2l, by the surfaces
MZ-Q,z' = 1,..,0. Assume that @) is continuously differentiable with respect to = in every
A; and with respect to the second variable e when the first belongs to A;. Moreover,
the derivative with respect to € is assumed to be continuous with respect to (z,¢) with

x € Aj. We assume that all these derivatives have the limits
Q;‘(l)(xm E) = m—»mlj,nxleA]- Q;(l)(xa 5)

forall z, € I'g,7 =1,..,2[, and

QI(Z) (l’, O) = lim QI(Q) (l‘, E)

e—0,z€A;

for all 7 =1, ..,2l. Define
Qj(xg,e) = lim  Q(z,¢)

T—xq, TEA;

forall z, € I'g,j =1, .., 2l. Clearly, if ) is continuous at the point z, € I'g then Q;(z4, ¢)
does not depend on j.

In the rest of the paper we assume that

A1) the curves I'p and I'g are smooth;



A2) z,(0) # 0 for all 0 € [0,1] and there exists z((f) continuous at any 6 € [0, 1];

A3) any pair of the surfaces M either intersects transversally or coincides. The
same for MiQ.

As it is easy to see the last condition allows us to introduce a bijection between the
2m open sets Dy and the 2m vectors of m components

sign(§, n1(zo(0o))), -, sign(€, nm(0(o)))

where ¢ is any vector belonging to Di,k = 1,..,2m. In other words, if we choose a
vector (e¥ e, .. ek), with ef € {—1,1},i = 1,..,m, among the 2m vectors above then the
condition

(v, ni(zo(6o))) el > 0,

where 7 = 1,..,m, is equivalent to the property xo(th) + dv € Dy, for § > 0 sufficiently
small. Analogously, we can define 21 vectors (¢{,¢3,..,¢/), ¢} € {—1,1},i = 1,..,] and
7 =1,..,2[, such that the condition

(u, mi(w0(60))) ¢ > 0,

is equivalent to the property zo(6y)+du € A; for § > 0 sufficiently small. Here n;(zo(6))),
are the oriented normals to the surfaces MiQ, i1=1,..1,

In conclusion, we have defined the two following families of vectors which identify the
domains Dy, and A; respectively:

{(eV eh . ely b e {—1,1},i=1,2,..,mk=1,2,.,2m},

m

(0,8, ...¢) - de{-1,1},i=1,2,.,1;5=1,2,..,2l}.

Any nonempty subset of the previous families is determined by assigning a subset of
the sets of indexes {k;,}i,—1,.r, and {ji, }i,=1,.r, Tespectively, where 1 < r, < 2m
and 1 < r, < 2[. Lemma 1 and Remark 3 will establish that x((f) is an eigenvector
corresponding to the zero eigenvalue for all P/ (zo(0)),k = 1,..,2m, and for 0 sufficiently
close to 6. In the sequel we also assume that

A4) the zero eigenvalue of P/(zo(0)),k = 1,..,2m, is simple.

To every P/(x¢(0)),k = 1,..,2m, we can associate the Riesz projector
m1(0) : R™ — span(xy(6)) given by m(0)v = (v, 2:(0))z4(6),

where z(6) is the eigenvector corresponding to the simple zero eigenvalue of the ad-
joint operator (P/(xo(6)))* for which (x((0), z,(0)) = 1. Moreover, Ker(m(0)) = Ex(0)



is an (n — 1)—dimensional subspace of R™ such that R" = span(z((#)) & Ex(6) and
Pl(z0(0))Er(0) C Ex(6), see [17].

Finally, define the Malkin functions M, ;(#) as follows

My,;(0)5(0) = (Q;(x0(0),0), 21,(0))5(6),
whenever k = 1,..,2m and j = 1,..,2l. In Proposition 2 it will be shown that Mj ;(0)

exists in the domains of interest Dy N A;.

Under the conditions A1)-A4) stated above, we are now in the position to prove the
main result of the paper.

Theorem 1. Assume that there exist 6y € [0,1], with xo(6p) € Tp NTg, 1 <1, < 2m,
1 <rq <21 and indexes {ki, }iy=1,..rp> {Jiy Vig=1,...r, SUch that for any k € {k;, }i,=1,.r, and
J € {Ji, Yig=1,..r, the following conditions hold:

1. Wk(go)Qj(l'()(eg),O) = 0,
2. i (00) Py (0 (60))ylm(60) + T (00) Q1) (20(00), 0)71(6o) is invertible;

3. (wi,ni(xo(0o)))el > 0,0 =1,..,m, and (wl, m:(x0(00)))¢ > 0,i = 1,..,1, where
ol =+,
Ui = —(Pi(0(00))| (1-m(001)z7) " Q; (20 (60), 0),

and

w3 = (mi(60) P (0 (00) yimi (0) + (60 Q1) (w0 (B), 0)mi(60)) -

- (=7k(00) Q{2 (T0(60), 0) — %Wk(QO)Pé/(%(@o))yiyi — m(60) Q1) (z0(60), 0)yih)-

Then there ezists a local solution to (1) given by

zk,;(€) = xo(0o) + 5wi + o(e). (8)

Remark 2. Note that if for a pair (k,j) € {1,..,2m} x {1,..,2l} either there exists
i € {1,..,m} such that (w],n;(xo(6p)))er < 0 or there exists i € {1,..,1} such that
(w], mi(20(60)))¢) < 0 then (1) does not have branches of solutions of the form (8) in
Dy N A;. Furthermore, we would like to point out that the vectors wj, which give rise to
the solutions zy, ;(¢) can be explicitly computed by the previous formulas. Moreover, for
e > 0 small, if the solution to (1) is not unique then the Clarke’s generalized Jacobian of

Py is not of full rank, see [6].
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The proof of Theorem 1 relies on the following Lemmas 1 and 2.

Lemma 1. z4(6y) is an eigenvector corresponding to the simple zero eigenvalue of
P/(z(00)), whenever k =1,..,2m.

Proof. Let & € R™ such that z¢(0) 4+ & € Dy, for 6 close to 6y, we have

P (0(0) + £(0 — 60)*) — P (x0(60)) =P (z0(60)) (20(0) + (0 — 00)* — 20(60)) +
+ 0 (x0(0) + £(0 — 60)* — xo(60)) ,

where 22— 0 as z — 0. Then, since x¢(f) is differentiable at any 0 € [0,1] and
z
P(z0(0)) = P(z0(00)) = 0, we get
P (w0(6o)) (x5(60) (8 — bo) + (8 — o) +£(0 — 60)*) + 0(8 — bo) =
=P (20(0) +£(0 — 00)*) — P (w0(0)) = Py (x0(0)) £(0 — 00)* + o((0 — 6o)?).
Dividing by 6 — 6, and passing to the limit as § — 6y, since the function 6 — P} (x(6))

is bounded, one has P} (zo(0))z((0y) = 0. Thus the projector m(6y) is defined for any
k=1,..,2m. O

Remark 3. The proof of Lemma 1 holds true for any 6 sufficiently close to 6y, hence for

such values of 0 the projector w4 () is also well-defined for k =1, .., 2m.

Let zo(6p) = vo, © = vot+ecw € DiNA;, Oy i(vo+cw,e) := P(x)+eQ(z,¢), m(6y) = m
and for any k =1,..,2m and j = 1, .., 2] introduce the functions

1 1
Uy i(w,e) = - (Cbk,j(vo + cw, €) — m Py j(vo + ew, €) + g?TkCI)kJ (vo + ew, e)) )

It is easy to see that, for € > 0, @ ;(vo + ew,e) = 0 if and only if Uy ;(w,e) = 0.

We can now formulate the following.

Lemma 2. Assume all the conditions of Theorem 1. Then there exists wj, such that
vo + owl € Dy N A; for sufficiently small § > 0, Uy ;(w],0) = 0 and \IJ;§7j(1)(wi,O) is
wnvertible.

Proof. Under our assumptions, since mP}(vg) = 0 and 7 P} (vo)mer mps = 0 for any
r,s € R", it can be shown that

. 1
lim 7, W, (w,e) = éka,g’(vo)ww + Q1) (v0, 0)w + T Q) (vo, 0)

and
lim(I — 7)) ¥y j(w, ) = (I — 7)) P (vo)w + (I — ) Q;(vo, 0).

e—0

11



Therefore, defining
Uy i (w,0) = liH(l) Uy i(w,e),

the equation Uy ;(w,0) = 0 is equivalent to the system

(I = i) P (vo)w + (I = m)Q;(wo, 0) = 0

1
§7Tkplg(“0)ww + Q1 (0, 0)w + Qo) (v0,0) = 0

which has the solution , , ,
w] =z + yi,
where
yi = - ﬂk)wi = —(PIQ(UOH(I ) R”) QJ(UO7 0)

and x{c is the solution to the equation

o 1 .
Wkpé/(vo)yiﬂfi —|—7er;(1)(1)0,0) = —WkQ (an 0) — §7Tkp (Uo)ykyk Wk@;(l)(”OaO)yiv

which is solvable by condition 2.

Furthermore, by condition 3 we have that vy + 5wi € DN A for sufficiently small § > 0.
Evaluate now the derivative
. . 1
\I/;”( )(wk, ) =(I — ) Py (vo + ew]) +e(I — ﬁk)Q;(l)(vo +ew],e) + Eka,;(vo)+

+ me Py (vo + é’(wi, 6)wi) wi + WkQ;(l)(Uo + Ewi, £),
where &(w], €) € [0, &]. Therefore,

lim W) )(wi, g) = (I —m.) Pl(vo) + mi Py (vo)wi, + Q1) (v0, 0).

e—0

Defining
ki) (Wi, 0) = (I — m) P(vo) + mey (vo)wy, + m Qi) (vo, 0),

(wl,0)h = 0 if and only if

{ (I — ) Pl(vo)h =0

ﬂkplg/(v(ﬁyiﬂkh + WkQ;'(l)(Uo, 0)mxh = 0.

we have that \Ifk](l)

Hence (I — m)h = 0 and by condition 2 the second equation gives m,h = 0. Therefore,
Wy iy (wy, 0) is invertible. O
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Proof of Theorem 1. By Lemma 2 there exists wi € R" such that z(6y) + 5wi € DyNA,
for & > 0 sufficiently small, ¥, ;(w],0) = 0 and \P;g7j(1)(wi,0) is invertible.. Defining
Uy i(w,e) on R" x [—1,0] by parity and continuity we can apply the classical Implicit
Function Theorem, see e.g. [22], to conclude the existence of a local solution to (1) of the
form '

z(e) = xo(0) + ewy, + o(¢)

for sufficiently small € > 0. 0J

Finally, we have the following result.

Proposition 2. Assume condition 1 of Theorem 1. Then condition 2 of Theorem 1 is
equivalent to My ;(6y) # 0.

Proof. By Remark 3 we have that () is well defined for 6 sufficiently close to 6, hence
me(0)Qj(x0(0), 0) = My ;(0)x4(6),

with (z((0), zx(0)) = 1. Since 7, is the Riesz projector and x is twice differentiable, we
can differentiate both sides of the previous equality obtaining

iwkw)@j(zo(@), 0) = m(0)Q;(w0(0), 0) + m(0) Q1) (20 (6), 0)2(0) =

do
= My, ;(0)x(0) + My, ;(6)2(0).

Put 6 = 6 in the previous equality, since My, ;(6p) = 0 by condition 1 of Theorem 1 we
have

m1.(60)Q;(w0(60), 0) + 7k (00) Q1) (20 (), 0)(Bo) = My, ;(60)(6o).- (9)
The Riesz projector m(6) associated to Pj(z(#)) has the integral representation [17]

m(0) = / (I — P (2o(0)))"dA,

271 -

where v is a closed Jordan curve containing in its interior, which we denote by int(7y), the

only simple zero eigenvalue of P} (z((f)). Since
m.(0) = L/(M — Py(0(0))) " P (20(0))25(0) (AT — Py(wo(0))) " dA,

271 .

and 7 (6)Q; (v, 0) = 0 where vy := x¢(6p), we have

7 (00)Q; (10, 0) = % / (AL = PL(00)) P (00) 2 (8) (M = Pl(vo)) " Q; (v, 0)dA =
:2%?2’ (M — Pl(vo)) ' (00) Py (v0) 2 (00) (M — PL(v0)) ™| (1—mp(80) 1R @ (vo, 0)dA+
+ zim (M — Pf(v0)) " (I — mi(60)) Py (vo)z(6o) (AT — P,;(vo))‘l](I,ﬂk(go))Ran(Uo’ 0)dA.
v
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The second integral is zero, since the integrand is an analytic function of A in int(7y). For
the first integral we consider for the function A — (A — P} (v0)) ™ |(1—n(80)r~ its Taylor
series in int(y), while for the function A — (A — P}(vo)) ™|, (00)r» Which has the pole
A = 0 of first order in int(vy), we consider its Laurent series. It results that

271m (A — Py(vo)) ™' mi(60) By (v0) 6 (00) (A — Pr(v0)) ™ (1= (00))rr @ (v0, 0)dA =
271m ()\f Py(vo)) ™ mi(00) Py (v0) 4 (00) [(— Py (o) | (1= (o0 )~ @ (v, 0)+

+ )‘(_PIQ(UOM(I 7 (6o) )R”) Q](U()a 0) +...Jd\ =

1 i / i W
=——— [ m(60) P (vo)x((6o) . dX = mi(60) Py (vo)yhaty(60),
21 A .

le.
m(00)@j(vo, 0) = . (60) B¢ (vo)yj. (6o (10)
Substituting (10) into (9) we finally obtain
m(60) Py (v0)y3:5 (80) + mr(60) Q1) (w0, 0)5 (60) = M; ;(60) (o).

Since x(0) # 0 we have that My ;(6y) # 0 if and only if the operator

m(00) Py (v0)yimi(00) + m4(60) Q) (1)(vo, 0)7(6o)
is invertible and so the proof is completed. O
Remark 4. Condition 1 of Theorem 1 is equivalent to My, ;(6y) = 0. Moreover, by Propo-
sition 2, condition 2 is equivalent to M; ;(6) # 0. Hence Theorem 1 can be equivalently

formulated in terms of the existence of a simple zero of the Malkin function M, ;(6) in
order to obtain the same conclusions.

4 Example

In this section we consider a periodically perturbed autonomous dynamical system of the
form

él = &H-&L(E+E —Dsign(E2 + & — 1) +esint (11)
E = =& —&(E+ & —1)sign(€2 + &3 — 1) + e cost.

We will show that the corresponding bifurcation equation P(x) + eQ(z,¢), where € > 0
and P, () are defined as in (3) by means of the Poincaré map P. associated to (11), satisfies
all the assumptions of Theorem 1 with n = 2.
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For ¢ = 0 system (11) has the limit cycle
9 o sin(t -+ 9)
Tolt) = ( cos(t+46) )’
t € [0, 27], whenever 6 € [0, 27], thus 25(0) is the parametrized curve x((6) of the previous
sections.

It is easy to see that the linearized system of (11) has the two linearly independent
solutions

(—aiin )

( et sin(t + 0) ) 7

and

e cos(t + 0)

t,0 € [0,2n]. Here and in the following we will denote sign(£? + &2 — 1) simply by =+.

Moreover,
cos(t + 6)
—sin(t+460) )’
is the solution of the adjoint system to the linearized system in both cases 4. The
translation operator from 0 to 27 for the linearized system is

VE() = ( cos(t+60) et sin(t+0) ) < cosff  —sinf )

—sin(t +60) e cos(t + 0) sin 6 cos 6
Calculating L, s,

Q40600 — iy P2 ) P 8i0)
we obtain

COSs S

2 .
Q=800 = v [ () (S )
0
Since the eigenvectors of V;(t) are orthogonal, the Malkin function takes the form
o cos(6)
M (6) = @800, (_ ) )0
It can be seen that M. (0) = 0 and M/ (0) = 1/2 (1 & 2e**7)(e™*" — 1) # 0, hence, by

Proposition 2, condition 2 of Theorem 1 is satisfied. We now calculate y3, zZ and then
we verify condition (6). For this, let

$:(&,&) = (L &G+ & -1, -6 x&LEGE+E - 1)),

15



It can be shown that from (4) we get

yg:(:l:loﬂ)'

P (20(0)) ee = ViE(2m) /0 ' (Voi(s))_l 'l (sin s, cos s) vE(s) vE(s) ds

Moreover,

e

where vZ is the solution of the Cauchy problem

0 = ¢! (sint,cost) v
v(0) = e,

and e = ( (1) ) Furthermore,

2T
Qlﬂz(l)<$8(0>70) Yo —Voi(27r)/0 (Voi(s))_1 ¢'L(sin s, cos s)-

Vi [CE) () dr ) i ds

COST

and

Qo) (23(0),0) =V (2m) / " (Vi)™ Hlsins, coss).

i) [ )™ (0 Yarvieo [y (37 Yaras

We can show that xy > 0 and x, < 0, with 25" given by (5). On the other hand the
scalar products in (6) is equal to ¥ and x, respectively, thus there are two branches of
solutions of the form (7) emanating from z{(0).

Finally, observe that if in (11) we substitute sign(£? + &5 — 1) by —sign(£? 4+ &2 — 1) then
we have not branches of solutions to (11) of the form (7) for 6, = 0.

5 Conclusion

The paper provides sufficient conditions for the existence of branches of solutions of the
form (8) to a nonsmooth e—parametrized bifurcation equation originating from a curve
of solutions of the equation for ¢ = 0. The considered equation is quite general and
the obtained existence results, as the example of Section 4 shows, seem to be useful
tools for the bifurcation analysis of nonsmooth dynamical systems. It is worth to notice
that, contrary to the smooth case, in this case many different branches of solutions,
parametrized by € > 0, can arise from the same point of the curve of solutions at ¢ = 0.
Such a situation was also described in [20].

16



References

1]

Angulo F., di Bernardo M., Fossas E. and Olivar G., “Feedback control of limit cycles:
a switching control strategy based on nonsmooth bifurcation theory,” IEEE Trans.
Circuits Systems I Regul. Pap. 52, 366-378, (2005).

Awrejcewicz J. and Lamarque C.-H., Bifurcation and Chaos in Nonsmooth Mechanical
System, World Scientific Publishing Co., Singapore, 2003.

Awrejcewicz J. and Holicke M. M., Smooth and Nonsmooth High Dimensional Chaos
and the Melnikov-type Methods, World Scientific Publishing Co., Singapore, 2007.

Blekhman 1. 1., Synchronization of Dynamical Systems, Izdat. Nauka. Moscow, 1971.

Brogliato B., Nonsmooth Impact Mechanics: Models, Dynamics and Control, Lecture
Notes in Control and information Sciences 220, Springer Verlag, Berlin, 1996.

Clarke F.H.,Optimization and Nonsmooth Analysis, New York. Wiley, 1983

Dankowicz H. and Zhao X., “Local analysis of co-dimension-one and co-dimension-two
grazing bifurcations in impact microactuators,” Physica D 202, 238-257 (2005).

di Bernardo M., Feigin M. I. and Hogan S. J., “Local analysis of C-bifurcations in n-
dimensional piecewise-smooth dynamical systems,” Chaos Solitons Fractals 10, 1881-
1908, (1999).

di Bernardo M. and Chen G., “Controlling bifurcations in nonsmooth dynamical sys-
tems,” in Controlling chaos and bifurcations in engineering systems, CRC, Boca Ra-
ton, FL., 2000.

[10] di Bernardo M., Budd C. J., Champneys A. R., Kowalczyk P., Nordmark A. B., Olivar

G. and Piiroinen P. T., “Bifurcations in nonsmooth dynamical systems,” SIAM review
50, 629-701, (2008).

[11] di Bernardo M., Budd C. J., Champneys A. R. and Kowalczyk P., Piecewise-smooth

Dynamical Systems, Theory and Applications, Springer Verlag, London, 2008.

[12] di Bernardo M., Nordmark A. B. and Olivar G., “Discontinuity-induced bifurcations

of equilibria in piecewise-smooth and impacting dynamical systems,” Physica D 237,
119-136, (2008).

[13] Feckan M., Topological Degree Approach to Bifurcation Problems, Springer Verlag,

Berlin, 2008.

[14] Feckan M., Bifurcation and Chaos in Discontinuous and Continuous Systems,

Springer Verlag, Berlin, 2011.

17



[15] Feigin M. 1., “The increasingly complex structure of the bifurcation tree of a piecewise
smooth system,” J. Appl. Math. Mech. 59, 853-863, (1995).

[16] Fidlin A., Nonlinear Oscillations in Mechanical Engineering, Springer Verlag, Berlin,
2006.

[17] Gohberg 1., Golberg, S. and Kaashoek M. A., Classes of Linear Operators I, Birkauser
Verlag, Basel, 1990.

[18] Jeffrey M. R. and Colombo A., “The two-fold singularity of discontinuous vector
fields,” SIAM J. Appl. Dyn. Syst. 8, 624-640, (2009).

[19] Kamenskii M., Makarenkov O. and Nistri P., “An alternative approach to study bifur-
cation from a limit cycle in periodically perturbed autonomous systems,” J. Dynam.
Differential Equations, to appear. DOI: 10.1007/s10884-011-9207-4.

[20] Kowalczyk P. and di Bernardo M., “Two-parameter degenerate sliding bifurcations
in Filippov systems,” Physica D 204, 204-229, (2005).

21] Kowalczyk P., di Bernardo M., Champneys A. R., Hogan S. J., Homer M., Piiroinen
P. T., Kuznetsov YU. A. and Nordmark A., “Two-parameter discontinuity-induced
bifurcations of limit cycles: classification and open problems,” Int. J. Bifurcation and
Chaos 16, 601-629, (2006).

[22] Krantz S. G. and Parks H. R., The Implicit Function Theorem: History, Theory and
Applications, Birkduser, Boston, 2003.

23] Loud W. S., “Periodic solutions of a perturbed autonomous system,” Ann. Math. 70,
490-529, (1959).

[24] Maggio G. M., di Bernardo M. and Kennedy M. P., “Non smooth bifurcations in
a piecewice-linear model of the Colpitts oscillator”, IEEE Trans. Circuits Systems I
Fund. Theory Appl. 47, 1160-1177, (2000).

[25] Malkin I. G., “On Poincaré’s theory of periodic solutions” Akad. Nauk SSSR. Prikl.
Mat. Meh. 13, 633-646, (1949). (Russian).

[26] Nordmark A. B. and Kowalczyk P., “A codimension-two scenario of sliding solutions
in grazing-sliding bifurcations,” Nonlinearity 19, 1-26, (2006).

18



