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Abstract

We consider a nonsmooth bifurcation equation depending on a small parameter
ε > 0. In Theorem 1 we provide conditions ensuring the existence of branches of
solutions, smoothly depending on ε, emanating from a curve of solutions of the
bifurcation equation when ε = 0. Several examples will illustrate the different types
of bifurcation that occur in the present nonsmooth case.
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1 Introduction

In this paper we consider a bifurcation equation of the form

P (x) + εQ(x, ε) = 0 (1)

where P : Rn → Rn and Q : Rn × [0, 1]→ Rn and ε > 0 is a small parameter. Assuming
the existence of a parametrized smooth curve θ 7→ x0(θ), θ ∈ [0, 1], of zeros of the function
P, namely P (x0(θ)) = 0 for any θ ∈ [0, 1], we look for conditions ensuring the existence
of smooth families of solutions x(ε), ε > 0 small, of (1) originating from the curve x0(θ)
at some θ0 ∈ [0, 1]. In [19] the solutions of (1) represent the fixed points of the Poincaré
map Pε associated to a periodically perturbed autonomous dynamical system of the form

x′ = f(x) + ε g(t, x, ε). (2)

where f ∈ C2(Rn,Rn), g ∈ C1(R × Rn × [0, 1],Rn) is T -periodic and ε > 0 is a small
parameter. In fact, defining

P (x) = P0(x)− x and Q(x, ε) =
Pε(x)− P0(x)

ε
, (3)

we can write Pε(x)− x = P (x) + εQ(x, ε).
Precisely, in [19] the existence of a branch of zeros of (1), parametrized by ε > 0, bi-

furcating from the curve x0(θ) is proven. For system (2) this is equivalent to the existence
of a family of periodic solutions originating from the limit cycle of the unperturbed au-
tonomous system. The uniqueness and asymptotic stability of these bifurcating periodic
solutions are also discussed. Existence, uniqueness, and asymptotic stability of periodic
solutions emanating from a limit cycle of an autonomous system when it is periodically
perturbed is a very classical problem, see [4, 23, 25]. The regularity assumptions on the
functions f and g in (2) guarantee that P ∈ C2(Rn,Rn) and Q ∈ C1(Rn × [0, 1],Rn).

On the other hand, in many problems involving dynamical systems such a regularity
for the associated bifurcation equation is not available. In fact, many dynamical systems
arising in applications are nonsmooth. Recently, considerable attention has been paid to
the study of the dynamics of nonsmooth systems by means of a bifurcation analysis, see
[10] and the extensive references therein. In this review paper the authors have focused on
the state of art of the bifurcation analysis in nonsmooth dynamical systems by presenting
a large number of results and examples. A precise classification of the different types of
the nonsmooth systems under consideration is given. The study of the related bifurcations
of equilibria and periodic orbits is also provided.

One relevant example of nonsmooth systems is represented by the piecewise smooth
(PWS) systems [11]. In particular, by using a method developed in [15] and tools from the
smooth and nonsmooth analysis several authors have performed both qualitative analysis
and control of the local properties of the Poincaré map associated to PWS systems. The
local analysis has permitted to study and classify the dynamical behaviors of such systems
in terms of the different discontinuity-induced bifurcations that can occur in presence of
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collisions of a limit cycle with a surface at which the dynamics of the PWS system changes,
see [8, 18, 21, 24]. Since the occurrence of such collisions can generate a sudden jump
from a periodic to a chaotic evolution it is important to control the local properties of the
Poincaré map to obtain a desidered dynamical behavior, see [1, 9].

Following [10] other important classes of nonsmooth systems are represented by the
discontinuous PWS systems (Filippov systems) and the impacting systems. For the first
class it is of particular interest to investigate the existence and the properties of the so-
called sliding bifurcation for the Filippov regularization of the discontinuous systems, see
e.g. [20, 26]. For the second one, recently the dynamical analysis and the control of
impacting systems has received a new attention, in fact their complex dynamics exhibit
interesting bifurcation behavior as illustrated, for instance, in [7, 12].

Many other books and papers have been devoted to the study of nonsmooth dynamical
systems, more examples and motivations can be found in [2, 3, 5, 16]. Concerning the
theoretical setting to approach the dynamical analysis of such systems we refer to the
recent books [13, 14], where the author provides rigorous mathematical tools for handling
bifurcation and chaos in a broad variety of nonlinear problems like the study of oscillations
and vibrations in mechanical systems.

In this paper we consider the equation (1) in the case when the function P is continuous
but not Fréchet differentiable at the points x0(θ), θ ∈ [0, 1], at which we want to study
the existence of bifurcating branches of solutions of (1). The function Q can be either
discontinuous or not Fréchet differentiable at these points. We will only assume the
existence of the limits at x0(θ), of the derivatives P ′, Q′ of the restrictions of P and Q to
suitably defined open subsets of Rn. We suppose that the limits of P ′ have zero as a simple
eigenvalue with corresponding eigenvector x′0(θ). As we will see, in the present nonsmooth
case, there could exist more than one branch of solutions emanating from x0(θ) for some
θ0 ∈ [0, 1]. The advantage of our general bifurcation theorem is that it does not require
the usual Lyapunov-Schmidt reduction but only a suitable scaling of the state variables,
which reduces significantly the required analysis.

In Section 2, Proposition 1 provides a simple case of the bifurcation equation (1) in
R2, for which we establish sufficient conditions for the existence of the various types of
bifurcation that can occur when P is not differentiable at the bifurcation point x0(θ0).
Precisely, when the function P fails to be differentiable at x0(θ0) we can have the existence
of a single branch as well as that of two branches of zeros of (1) emanating from x0(θ0) or
even the nonexistence of solutions near x0(θ0). We end Section 2 by showing three very
simple examples for which the different conditions of Proposition 1 are satisfied.

Proposition 1 is a very particular case of the main result of the paper proved in Sec-
tion 3, namely Theorem 1. In fact, Theorem 1 is set in Rn where we assume that the
smooth curve θ 7→ x0(θ), θ ∈ [0, 1], of zeros of P is the intersection of a finite number of
smooth (n − 1)−dimensional surfaces intersecting each other transversally. We assume
that P is continuous and not Fréchet differentiable at x0(θ), θ ∈ [0, 1]; Q is either discon-
tinuous or not Fréchet differentiable at the points of the smooth curve θ 7→ κ(θ), θ ∈ [0, 1],
which is the intersection of a finite number of smooth (n − 1)−dimensional surfaces in-
tersecting each other transversally. We also assume that there exists θ0 ∈ [0, 1] such
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that x0(θ0) = κ(θ0) and so the above surfaces divide any sufficiently small neighbor-
hood of x0(θ0) in disjoint open sets Dk and ∆j respectively. We formulate conditions on
θ0, Dk,∆j, P and Q to ensure the applicability of the classical Implicit Function Theorem
in the open set Dk ∩∆j to a suitably defined function Ψk,j(w, ε) whose zeros, for ε > 0
sufficiently small, are solutions to (1). Specifically, these conditions are expressed in terms
of vectors, denoted by wjk, which are defined by means of the functions P,Q, the limits
at x0(θ0) of the derivatives of their restrictions to the open sets Dk ∩ ∆j and the Riesz
projector associated to the eigenvector x′(θ0) corresponding to the simple zero eigenvalue
of

P ′k(x0(θ0)) = lim
x→x0(θ0), x∈Dk

P ′k(x).

Such conditions ensure that x0(θ0) + δwjk ∈ Dk ∩ ∆j, for δ > 0 sufficiently small and
that wjk is a simple zero of Ψk,j(w, 0), this in turn guarantees the existence of a branch of
solutions to (1) lying in the open set Dk ∩∆j of the form xk,j(ε) = x0(θ0) + εwjk + o(ε).

Furthermore, Proposition 2 and Lemma 2 show that the existence of the simple zero θ0

of the Malkin bifurcation function Mk,j(θ) associated to the problem, see [25], is equivalent

to the existence of a simple zero wjk of Ψk,j(w, 0), where w =
1

ε
(x − x0(θ0)). Therefore,

as pointed out in Remark 4, the conditions of Theorem 1 can be equivalently formulated
in terms of the existence of a simple zero θ0 for the Malkin bifurcation function Mk,j(θ).
We end the paper by presenting in Section 4 an example of a periodically perturbed
autonomous dynamical system in R2 which satisfies all the assumptions of Theorem 1
and having two branches of solutions originating from x0(0).

2 An Introductory Simple Case in R2

Consider the equation P (x, y)+εQ(x, y, ε) = 0, with P : R2 → R2 andQ : R2×[0, 1]→ R2.
Assume that the equation P (x, y) = 0 has one-dimensional set of solutions given by

x0(θ) =

(
θ
0

)
, θ ∈ [0, 1], that P is continuous in R2 and that it is not Fréchet differentiable

at x0(θ), θ ∈ [0, 1]. Assume that P is twice continuously differentiable at any point
(x, y) ∈ R2 with y 6= 0 and that, for simplicity, the map Q is smooth in R2. Denote by
P ′±(x, y) and P ′′±(x, y) the derivatives for y > 0 and y < 0 respectively. Assume that these
derivatives have the limits

lim
(x,y)→(x̂,0±)

P ′±(x, y) := P ′±(x̂, 0) and lim
(x,y)→(x̂,0±)

P ′′±(x, y) := P ′′±(x̂, 0)

for all x̂ ∈ [0, 1], x′0(θ) =

(
1
0

)
. Moreover, zero is an eigenvalue of P ′±(x0(θ)) with eigen-

vector x′0(θ), we assume that it is simple. In what follows by span(v) we denote the linear
space spanned by the vector v.

Let π±(θ) : R2 → span(x′0(θ)) be the Riesz projector given by π±(θ)v = 〈v, z±(θ)〉x′0(θ),
where z±(θ) is the eigenvector of the adjoint operator (P ′±(x0(θ)))∗, corresponding to the
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zero eigenvalue, such that 〈z±(θ), x′0(θ)〉 = 1.
Therefore, the one-dimensional subspace E±(θ) = Ker(π±(θ)) is invariant with respect
to P ′±(x0(θ)), and R2 = Im(π±(θ)) ⊕Ker(π±(θ)) and π±(θ)P ′±(x0(θ)) = 0, see e.g. [17].
Introduce now the Malkin bifurcation function, see [23, 25], M±(θ) as follows:

M±(θ)x′0(θ) = 〈Q(x0(θ), 0), z±(θ)〉x′0(θ).

Hence M±(θ) = 0 if and only if π±(θ)Q(x0(θ), 0) = 0.

Here and in the following 〈·, ·〉 denotes the scalar product in Rn. Finally, we denote by
n±(x0(θ)) the normal vector to x0(θ) directed towards y > 0 and y < 0 respectively and
by F ′(r)(v, ε), v ∈ Rn, the derivative of F (v, ε) with respect to the r-th variable, r ∈ {1, 2}.

The following result is a straightforward consequence of Theorem 1 of Section 3.

Proposition 1. Assume that there exists θ0 ∈ [0, 1] such that

1. π±(θ0)Q(x0(θ0), 0) = 0;

2. The operator

Λ±(θ0) :=π±(θ0)P ′′±(x0(θ0))(−P ′±(x0(θ0))|(I−π±(θ0))R2)−1Q(x0(θ0), 0)π±(θ0)+

+ π±(θ0)Q′(1)(x0(θ0), 0)π±(θ0)

is invertible.

Let
y±0 = (−P ′±(x0(θ0))|(I−π±(θ0))R2)−1Q(x0(θ0), 0), (4)

x±0 = (Λ±(θ0))−1(−π±(θ0)Q′(2)(x0(θ0), 0)− 1

2
π±(θ0)P ′′±(x0(θ0))y±0 y

±
0 −

−π±(θ0)Q′(1)(x0(θ0), 0)y±0 ) (5)

and w±0 := y±0 + x±0 .

Then, for ε > 0 sufficiently small, the equation P (x, y) + εQ(x, y, ε) = 0

I. has two branches of solutions emanating from x0(θ0) if both the following conditions

〈w+
0 , n+(x0(θ0))〉 > 0 and 〈w−0 , n−(x0(θ0))〉 > 0 (6)

are satisfied. The branches of solutions have the form(
x
y

)
(ε) = x0(θ0) + εw±0 + o(ε); (7)

II. has a branch of solutions if only one of the conditions (6) is verified.
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Remark 1. It is immediate to verify that if both the conditions (6) are violated then (1)
does not have any branch of solutions of the form (7).

We now provide three very simple examples to illustrate the different bifurcation cases
described in the above Proposition 1. The only aim of the proposed examples is to verify
the conditions of Proposition 1 in very simple situations, in fact it is evident that we can
get the same conclusions by trivial direct calculations.

Example 1. Let P (x, y) =

(
0
|y|

)
, Q(x, y, ε) =

(
x+ y − 1/2
x+ y − 1

)
and x0(θ) =

(
θ
0

)
,

θ ∈ [0, 1]. Let θ0 = 1/2 and consider the directional derivatives of P at x0(θ0) along y > 0
and y < 0 respectively

P ′±(x0(θ0)) =

(
0 0
0 ±1

)
.

Observe that x′0(θ0) =

(
1
0

)
is eigenvector of P ′±(x0(θ0)) corresponding to its simple zero

eigenvalue, moreover z±(θ0) =

(
1
0

)
. Hence π±(θ0) : R2 → span(

(
1
0

)
) is given by

π±(θ0)v = π(θ0)v = 〈v, x′0(θ0)〉x′0(θ0).

Since Q(x0(θ0), 0) =

(
0
−1/2

)
we have that π(θ0)Q(x0(θ0), 0) = 0, namely M±(θ0) = 0

and so assumption 1 of Proposition 1 is satisfied. The vectors y±0 are given by

y±0 = (−P ′±(x0(θ0))|(I−π(θ0))R2)−1Q(x0(θ0), 0) =

(
0
±1/2

)
.

Furthermore, since
P ′′±(x0(θ0)) = 0,

π(θ0)Q′(1)(x0(θ0), 0)y±0 =

(
±1/2

0

)
,

π(θ0)Q′(1)(x0(θ0), 0)π(θ0) =

(
1 0
0 0

)
,

Q′(2)(x0(θ0), 0) = 0,

we have that assumption 2 of Proposition 1 is verified and x±0 =

(
∓1/2

0

)
, therefore

w±0 =

(
∓1/2
±1/2

)
. Since

〈w±0 , n±(x0(θ0)〉 > 0,
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where n±(x0(θ0)) =

(
0
±1

)
, Proposition 1 ensures the existence of two families of solutions

to P (x, y) + εQ(x, y, ε) = 0 originating from x0(θ0) =

(
1/2
0

)
given by

(
x
y

)
(ε) =

(
1/2
0

)
+

(
∓1/2
±1/2

)
ε.

Example 2. Let P (x, y) =

(
0

|y|+ 2y

)
, Q(x, y, ε) =

(
x+ y − 1/2
x+ y − 1

)
and x0(θ) =

(
θ
0

)
,

θ ∈ [0, 1]. Let θ0 = 1/2. We have P ′+(x0(θ0)) =

(
0 0
0 3

)
and P ′−(x0(θ0)) =

(
0 0
0 1

)
.

As before

x′0(θ0) = z±(θ0) =

(
1
0

)
,

P ′′±(x0(θ0)) = 0,

π(θ0)Q(x0(θ0), 0) = 0,

π(θ0)Q′(1)(x0(θ0), 0)π(θ0) =

(
1 0
0 0

)
,

Q′(2)(x0(θ0), 0) = 0.

In this case we have y+
0 =

(
0

1/6

)
, y−0 =

(
0

1/2

)
, x+

0 =

(
1/6
0

)
, x−0 =

(
−1

0

)
, hence

〈w+
0 , n+(x0(θ0))〉 > 0 and 〈w−0 , n−(x0(θ0))〉 < 0.

By Proposition 1 we get the existence of a family of solutions of the form(
x
y

)
(ε) =

(
1/2
0

)
+

(
−1/6

1/6

)
ε.

Example 3. Let P (x, y) =

(
0
−|y|

)
, Q(x, y, ε), x0(θ) and θ0 as before. We have

P ′±(x0(θ0)) =

(
0 0
0 ∓1

)
,

proceeding as in Example 1 we obtain w±0 =

(
±1/2
∓1/2

)
and so 〈w±0 , n±(x0(θ0))〉 < 0. By

direct calculation we verify that there is no solutions near x0(θ0) =

(
1/2
0

)
.
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3 The Main Result: General Formulation in Rn

In this Section we consider the bifurcation equation

P (x) + εQ(x, ε) = 0

where P : Rn → Rn and Q : Rn × [0, 1]→ Rn.

Assume that the equation P (x) = 0 has a parametrized one-dimensional set of
solutions {x0(θ), θ ∈ [0, 1]}. Denote this set by ΓP . Assume that ΓP ⊆ ∩mi=1M

P
i ,

where MP
i are (n − 1)−dimensional smooth surfaces in Rn. Then the oriented normal

ni(x), x ∈ MP
i , i = 1, ..,m, to each surface is well-defined. Assume that the given sur-

faces divide any sufficiently small neighborhood U(ΓP ) of the curve ΓP into 2m open
domains Dk, k = 1, .., 2m. We suppose also that the map P has continuous Fréchet deriva-
tives P ′k, P

′′
k , k = 1, .., 2m, in every domain Dk and all these derivatives have limits

P ′k(xp) := lim
x→xp, x∈Dk

P ′k(x) and P ′′k (xp) := lim
x→xp, x∈Dk

P ′′k (x)

for all xp ∈ ΓP , k = 1, .., 2m.

Moreover, assume that Q is either discontinuous or not Fréchet differentiable with
respect to the first variable x on some curve ΓQ = {κ(θ) : θ ∈ [0, 1]} , such that

ΓQ ⊆ ∩li=1 M
Q
i , where MQ

i are (n − 1)−dimensional smooth surfaces in Rn, and that
there exists θ0 ∈ [0, 1] such that x0(θ0) = κ(θ0). All the considerations below concern the
existence of solutions in a neighborhood of x0(θ0). Any sufficiently small neighborhood
V (ΓQ) of the curve ΓQ is divided into 2l open domains ∆j, j = 1, .., 2l, by the surfaces

MQ
i , i = 1, .., l. Assume that Q is continuously differentiable with respect to x in every

∆j and with respect to the second variable ε when the first belongs to ∆j. Moreover,
the derivative with respect to ε is assumed to be continuous with respect to (x, ε) with
x ∈ ∆j. We assume that all these derivatives have the limits

Q′j(1)(xq, ε) := lim
x→xq , x∈∆j

Q′j(1)(x, ε)

for all xq ∈ ΓQ, j = 1, .., 2l, and

Q′(2)(x, 0) := lim
ε→0, x∈∆j

Q′(2)(x, ε)

for all j = 1, .., 2l. Define
Qj(xq, ε) := lim

x→xq , x∈∆j

Q(x, ε)

for all xq ∈ ΓQ, j = 1, .., 2l. Clearly, if Q is continuous at the point xq ∈ ΓQ then Qj(xq, ε)
does not depend on j.

In the rest of the paper we assume that

A1) the curves ΓP and ΓQ are smooth;
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A2) x′0(θ) 6= 0 for all θ ∈ [0, 1] and there exists x′′0(θ) continuous at any θ ∈ [0, 1];

A3) any pair of the surfaces MP
i either intersects transversally or coincides. The

same for MQ
i .

As it is easy to see the last condition allows us to introduce a bijection between the
2m open sets Dk and the 2m vectors of m components

sign〈ξ, n1(x0(θ0))〉, .., sign〈ξ, nm(x0(θ0))〉

where ξ is any vector belonging to Dk, k = 1, .., 2m. In other words, if we choose a
vector (ek1, e

k
2, .., e

k
m), with eki ∈ {−1, 1}, i = 1, ..,m, among the 2m vectors above then the

condition
〈v, ni(x0(θ0))〉eki > 0,

where i = 1, ..,m, is equivalent to the property x0(θ0) + δv ∈ Dk for δ > 0 sufficiently
small. Analogously, we can define 2l vectors (ζj1 , ζ

j
2 , .., ζ

j
l ), ζ

j
i ∈ {−1, 1}, i = 1, .., l and

j = 1, .., 2l, such that the condition

〈u, ηi(x0(θ0))〉ζji > 0,

is equivalent to the property x0(θ0)+δu ∈ ∆j for δ > 0 sufficiently small. Here ηi(x0(θ0)),

are the oriented normals to the surfaces MQ
i , i = 1, .., l,

In conclusion, we have defined the two following families of vectors which identify the
domains Dk and ∆j respectively:

{(ek1, ek2, .., ekm) : eki ∈ {−1, 1}, i = 1, 2, ..,m; k = 1, 2, .., 2m},

{(ζj1 , ζ
j
2 , .., ζ

j
l ) : ζji ∈ {−1, 1}, i = 1, 2, .., l; j = 1, 2, .., 2l}.

Any nonempty subset of the previous families is determined by assigning a subset of
the sets of indexes {kip}ip=1,..,rp and {jiq}iq=1,..,rq respectively, where 1 ≤ rp ≤ 2m
and 1 ≤ rq ≤ 2l. Lemma 1 and Remark 3 will establish that x′0(θ) is an eigenvector
corresponding to the zero eigenvalue for all P ′k(x0(θ)), k = 1, .., 2m, and for θ sufficiently
close to θ0. In the sequel we also assume that

A4) the zero eigenvalue of P ′k(x0(θ)), k = 1, .., 2m, is simple.

To every P ′k(x0(θ)), k = 1, .., 2m, we can associate the Riesz projector

πk(θ) : Rn → span(x′0(θ)) given by πk(θ)v = 〈v, zk(θ)〉x′0(θ),

where zk(θ) is the eigenvector corresponding to the simple zero eigenvalue of the ad-
joint operator (P ′k(x0(θ)))∗ for which 〈x′0(θ), zk(θ)〉 = 1. Moreover, Ker(πk(θ)) = Ek(θ)
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is an (n − 1)−dimensional subspace of Rn such that Rn = span(x′0(θ)) ⊕ Ek(θ) and
P ′k(x0(θ))Ek(θ) ⊆ Ek(θ), see [17].

Finally, define the Malkin functions Mk,j(θ) as follows

Mk,j(θ)x
′
0(θ) = 〈Qj(x0(θ), 0), zk(θ)〉x′0(θ),

whenever k = 1, .., 2m and j = 1, .., 2l. In Proposition 2 it will be shown that M ′
k,j(θ)

exists in the domains of interest Dk ∩∆j.

Under the conditions A1)-A4) stated above, we are now in the position to prove the
main result of the paper.

Theorem 1. Assume that there exist θ0 ∈ [0, 1], with x0(θ0) ∈ ΓP ∩ ΓQ, 1 ≤ rp ≤ 2m,
1 ≤ rq ≤ 2l and indexes {kip}ip=1,..,rp , {jiq}iq=1,..,rq such that for any k ∈ {kip}ip=1,..,rp and
j ∈ {jiq}iq=1,..,rq the following conditions hold:

1. πk(θ0)Qj(x0(θ0), 0) = 0;

2. πk(θ0)P ′′k (x0(θ0))yjkπk(θ0) + πk(θ0)Q′j(1)(x0(θ0), 0)πk(θ0) is invertible;

3. 〈wjk, ni(x0(θ0))〉eki > 0, i = 1, ..,m, and 〈wjk, ηi(x0(θ0))〉ζji > 0, i = 1, .., l, where

wjk = yjk + xjk,

yjk = −(P ′k(x0(θ0))|(I−πk(θ0))Rn)−1Qj(x0(θ0), 0),

and

xjk =
(
πk(θ0)P ′′k (x0(θ0))yjkπk(θ0) + πk(θ0)Q′j(1)(x0(θ0), 0)πk(θ0)

)−1·

· (−πk(θ0)Q′(2)(x0(θ0), 0)− 1

2
πk(θ0)P ′′k (x0(θ0))yjky

j
k − πk(θ0)Q′j(1)(x0(θ0), 0)yjk).

Then there exists a local solution to (1) given by

xk,j(ε) = x0(θ0) + εwjk + o(ε). (8)

Remark 2. Note that if for a pair (k, j) ∈ {1, .., 2m} × {1, .., 2l} either there exists
i ∈ {1, ..,m} such that 〈wjk, ni(x0(θ0))〉eki < 0 or there exists i ∈ {1, .., l} such that
〈wjk, ηi(x0(θ0))〉ζji < 0 then (1) does not have branches of solutions of the form (8) in
Dk ∩∆j. Furthermore, we would like to point out that the vectors wjk which give rise to
the solutions xk,j(ε) can be explicitly computed by the previous formulas. Moreover, for
ε > 0 small, if the solution to (1) is not unique then the Clarke’s generalized Jacobian of
Pk is not of full rank, see [6].
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The proof of Theorem 1 relies on the following Lemmas 1 and 2.

Lemma 1. x′0(θ0) is an eigenvector corresponding to the simple zero eigenvalue of
P ′k(x0(θ0)), whenever k = 1, .., 2m.

Proof. Let ξ ∈ Rn such that x0(θ) + ξ ∈ Dk, for θ close to θ0, we have

P
(
x0(θ) + ξ(θ − θ0)2

)
− P (x0(θ0)) =P ′k (x0(θ0))

(
x0(θ) + ξ(θ − θ0)2 − x0(θ0)

)
+

+ o
(
x0(θ) + ξ(θ − θ0)2 − x0(θ0)

)
,

where
o(z)

z
→ 0 as z → 0. Then, since x0(θ) is differentiable at any θ ∈ [0, 1] and

P (x0(θ)) = P (x0(θ0)) = 0, we get

P ′k (x0(θ0))
(
x′0(θ0)(θ − θ0) + o(θ − θ0) + ξ(θ − θ0)2

)
+ o(θ − θ0) =

=P
(
x0(θ) + ξ(θ − θ0)2

)
− P (x0(θ)) = P ′k (x0(θ)) ξ(θ − θ0)2 + o((θ − θ0)2).

Dividing by θ − θ0 and passing to the limit as θ → θ0, since the function θ → P ′k(x0(θ))
is bounded, one has P ′k(x0(θ0))x′0(θ0) = 0. Thus the projector πk(θ0) is defined for any
k = 1, .., 2m. �

Remark 3. The proof of Lemma 1 holds true for any θ sufficiently close to θ0, hence for
such values of θ the projector πk(θ) is also well-defined for k = 1, .., 2m.

Let x0(θ0) = v0, x = v0+εw ∈ Dk∩∆j, Φk,j(v0+εw, ε) := P (x)+εQ(x, ε), πk(θ0) = πk
and for any k = 1, .., 2m and j = 1, .., 2l introduce the functions

Ψk,j(w, ε) =
1

ε

(
Φk,j(v0 + εw, ε)− πkΦk,j(v0 + εw, ε) +

1

ε
πkΦk,j(v0 + εw, ε)

)
.

It is easy to see that, for ε > 0, Φk,j(v0 + εw, ε) = 0 if and only if Ψk,j(w, ε) = 0.

We can now formulate the following.

Lemma 2. Assume all the conditions of Theorem 1. Then there exists wjk such that
v0 + δwjk ∈ Dk ∩ ∆j for sufficiently small δ > 0, Ψk,j(w

j
k, 0) = 0 and Ψ′k,j(1)(w

j
k, 0) is

invertible.

Proof. Under our assumptions, since πkP
′
k(v0) = 0 and πkP

′′
k (v0)πkr πks = 0 for any

r, s ∈ Rn, it can be shown that

lim
ε→0

πkΨk,j(w, ε) =
1

2
πkP

′′
k (v0)ww + πkQ

′
j(1)(v0, 0)w + πkQ

′
(2)(v0, 0)

and
lim
ε→0

(I − πk)Ψk,j(w, ε) = (I − πk)P ′k(v0)w + (I − πk)Qj(v0, 0).
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Therefore, defining
Ψk,j(w, 0) = lim

ε→0
Ψk,j(w, ε),

the equation Ψk,j(w, 0) = 0 is equivalent to the system (I − πk)P ′k(v0)w + (I − πk)Qj(v0, 0) = 0

1

2
πkP

′′
k (v0)ww + πkQ

′
j(1)(v0, 0)w + πkQ

′
(2)(v0, 0) = 0

which has the solution
wjk = xjk + yjk,

where
yjk = (I − πk)wjk = −(P ′k(v0)|(I−πk)Rn)−1Qj(v0, 0)

and xjk is the solution to the equation

πkP
′′
k (v0)yjkx

j
k + πkQ

′
j(1)(v0, 0)xjk = −πkQ′(2)(v0, 0)− 1

2
πkP

′′
k (v0)yjky

j
k − πkQ

′
j(1)(v0, 0)yjk,

which is solvable by condition 2.

Furthermore, by condition 3 we have that v0 + δwjk ∈ Dk ∩∆j for sufficiently small δ > 0.
Evaluate now the derivative

Ψ′k,j(1)(w
j
k, ε) =(I − πk)P ′k(v0 + εwjk) + ε(I − πk)Q′j(1)(v0 + εwjk, ε) +

1

ε
πkP

′
k(v0)+

+ πkP
′′
k (v0 + ε̃(wjk, ε)w

j
k)w

j
k + πkQ

′
j(1)(v0 + εwjk, ε),

where ε̃(wjk, ε) ∈ [0, ε]. Therefore,

lim
ε→0

Ψ′k,j(1)(w
j
k, ε) = (I − πk)P ′k(v0) + πkP

′′
k (v0)wjk + πkQ

′
j(1)(v0, 0).

Defining
Ψ′k,j(1)(w

j
k, 0) = (I − πk)P ′k(v0) + πkP

′′
k (v0)wjk + πkQ

′
j(1)(v0, 0),

we have that Ψ′k,j(1)(w
j
k, 0)h = 0 if and only if{

(I − πk)P ′k(v0)h = 0

πkP
′′
k (v0)yjkπkh+ πkQ

′
j(1)(v0, 0)πkh = 0.

Hence (I − πk)h = 0 and by condition 2 the second equation gives πkh = 0. Therefore,
Ψ′k,j(1)(w

j
k, 0) is invertible. �
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Proof of Theorem 1. By Lemma 2 there exists wjk ∈ Rn such that x0(θ0) + δwjk ∈ Dk ∩∆j

for δ > 0 sufficiently small, Ψk,j(w
j
k, 0) = 0 and Ψ′k,j(1)(w

j
k, 0) is invertible.. Defining

Ψk,j(w, ε) on Rn × [−1, 0] by parity and continuity we can apply the classical Implicit
Function Theorem, see e.g. [22], to conclude the existence of a local solution to (1) of the
form

x(ε) = x0(θ0) + εwjk + o(ε)

for sufficiently small ε > 0. �

Finally, we have the following result.

Proposition 2. Assume condition 1 of Theorem 1. Then condition 2 of Theorem 1 is
equivalent to M ′

k,j(θ0) 6= 0.

Proof. By Remark 3 we have that πk(θ) is well defined for θ sufficiently close to θ0, hence

πk(θ)Qj(x0(θ), 0) = Mk,j(θ)x
′
0(θ),

with 〈x′0(θ), zk(θ)〉 = 1. Since πk is the Riesz projector and x0 is twice differentiable, we
can differentiate both sides of the previous equality obtaining

d

dθ
πk(θ)Qj(x0(θ), 0) = π′k(θ)Qj(x0(θ), 0) + πk(θ)Q

′
j(1)(x0(θ), 0)x′0(θ) =

= M ′
k,j(θ)x

′
0(θ) +Mk,j(θ)x

′′
0(θ).

Put θ = θ0 in the previous equality, since Mk,j(θ0) = 0 by condition 1 of Theorem 1 we
have

π′k(θ0)Qj(x0(θ0), 0) + πk(θ0)Q′j(1)(x0(θ0), 0)x′0(θ0) = M ′
k,j(θ0)x′0(θ0). (9)

The Riesz projector πk(θ) associated to P ′k(x0(θ)) has the integral representation [17]

πk(θ) =
1

2πi

∫
γ

(λI − P ′k(x0(θ)))−1dλ,

where γ is a closed Jordan curve containing in its interior, which we denote by int(γ), the
only simple zero eigenvalue of P ′k(x0(θ)). Since

π′k(θ) =
1

2πi

∫
γ

(λI − P ′k(x0(θ)))−1P ′′k (x0(θ))x′0(θ)(λI − P ′k(x0(θ)))−1dλ,

and πk(θ0)Qj(v0, 0) = 0 where v0 := x0(θ0), we have

π′k(θ0)Qj(v0, 0) =
1

2πi

∫
γ

(λI − P ′k(v0))−1P ′′k (v0)x′0(θ0)(λI − P ′k(v0))−1Qj(v0, 0)dλ =

=
1

2πi

∫
γ

(λI − P ′k(v0))−1πk(θ0)P ′′k (v0)x′0(θ0)(λI − P ′k(v0))−1|(I−πk(θ0))RnQj(v0, 0)dλ+

+
1

2πi

∫
γ

(λI − P ′k(v0))−1(I − πk(θ0))P ′′k (v0)x′0(θ0)(λI − P ′k(v0))−1|(I−πk(θ0))RnQj(v0, 0)dλ.
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The second integral is zero, since the integrand is an analytic function of λ in int(γ). For
the first integral we consider for the function λ 7→ (λI − P ′k(v0))−1|(I−πk(θ0))Rn its Taylor
series in int(γ), while for the function λ 7→ (λI − P ′k(v0))−1|πk(θ0)Rn which has the pole
λ = 0 of first order in int(γ), we consider its Laurent series. It results that

1

2πi

∫
γ

(λI − P ′k(v0))−1πk(θ0)P ′′k (v0)x′0(θ0)(λI − P ′k(v0))−1|(I−πk(θ0))RnQj(v0, 0)dλ =

=
1

2πi

∫
γ

(λI − P ′k(v0))−1πk(θ0)P ′′k (v0)x′0(θ0)[(−P ′k(v0)|(I−πk(θ0))Rn)−1Qj(v0, 0)+

+ λ(−P ′k(v0)|(I−πk(θ0))Rn)−2Qj(v0, 0) + ...]dλ =

=
1

2πi λ

∫
γ

πk(θ0)P ′′k (v0)x′0(θ0)yjk dλ = πk(θ0)P ′′k (v0)yjkx
′
0(θ0),

i.e.
π′k(θ0)Qj(v0, 0) = πk(θ0)P ′′k (v0)yjkx

′
0(θ0). (10)

Substituting (10) into (9) we finally obtain

πk(θ0)P ′′k (v0)yjkx
′
0(θ0) + πk(θ0)Q′j(1)(v0, 0)x′0(θ0) = M ′

k,j(θ0)x′0(θ0).

Since x′0(θ0) 6= 0 we have that M ′
k,j(θ0) 6= 0 if and only if the operator

πk(θ0)P ′′k (v0)yjkπk(θ0) + πk(θ0)Q′j(1)(v0, 0)πk(θ0)

is invertible and so the proof is completed. �

Remark 4. Condition 1 of Theorem 1 is equivalent to Mk,j(θ0) = 0. Moreover, by Propo-
sition 2, condition 2 is equivalent to M ′

k,j(θ0) 6= 0. Hence Theorem 1 can be equivalently
formulated in terms of the existence of a simple zero of the Malkin function Mk,j(θ) in
order to obtain the same conclusions.

4 Example

In this section we consider a periodically perturbed autonomous dynamical system of the
form

ξ̇1 = ξ2 − ξ1(ξ2
1 + ξ2

2 − 1)sign(ξ2
1 + ξ2

2 − 1) + ε sin t

ξ̇2 = −ξ1 − ξ2(ξ2
1 + ξ2

2 − 1)sign(ξ2
1 + ξ2

2 − 1) + ε cos t.
(11)

We will show that the corresponding bifurcation equation P (x) + εQ(x, ε), where ε > 0
and P,Q are defined as in (3) by means of the Poincaré map Pε associated to (11), satisfies
all the assumptions of Theorem 1 with n = 2.
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For ε = 0 system (11) has the limit cycle

xθ0(t) =

(
sin(t+ θ)
cos(t+ θ)

)
,

t ∈ [0, 2π], whenever θ ∈ [0, 2π], thus xθ0(0) is the parametrized curve x0(θ) of the previous
sections.
It is easy to see that the linearized system of (11) has the two linearly independent
solutions

(
cos(t+ θ)
− sin(t+ θ)

)
,

and (
e±2t sin(t+ θ)
e±2t cos(t+ θ)

)
,

t, θ ∈ [0, 2π]. Here and in the following we will denote sign(ξ2
1 + ξ2

2 − 1) simply by ±.
Moreover, (

cos(t+ θ)
− sin(t+ θ)

)
,

is the solution of the adjoint system to the linearized system in both cases ±. The
translation operator from 0 to 2π for the linearized system is

V ±θ (t) =

(
cos(t+ θ) e±2t sin(t+ θ)
− sin(t+ θ) e±2t cos(t+ θ)

)(
cos θ − sin θ
sin θ cos θ

)
Calculating

Q±(xθ0(0), 0) = lim
ε→0

P±ε (xθ0(0))− P±0 (xθ0(0))

ε
.

we obtain

Q±(xθ0(0), 0) = V ±θ (2π)

∫ 2π

0

(
V ±θ (s)

)−1
(

sin s
cos s

)
ds.

Since the eigenvectors of V ±θ (t) are orthogonal, the Malkin function takes the form

M±(θ) = 〈Q±(xθ0(0), 0),

(
cos(θ)
− sin(θ)

)
〉.

It can be seen that M±(0) = 0 and M ′
±(0) = 1/2 (1 ± 2e±4π)(e∓4π − 1) 6= 0, hence, by

Proposition 2, condition 2 of Theorem 1 is satisfied. We now calculate y±0 , x
±
0 and then

we verify condition (6). For this, let

φ±(ξ1, ξ2) =
(
ξ2 ± ξ1(ξ2

1 + ξ2
2 − 1),−ξ1 ± ξ2(ξ2

1 + ξ2
2 − 1)

)
,
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It can be shown that from (4) we get

y±0 =

(
0
±1/2

)
.

Moreover,

P ′′±(x0
0(0)) e e = V ±0 (2π)

∫ 2π

0

(
V ±0 (s)

)−1
φ′′±(sin s, cos s) v±e (s) v±e (s) ds

where v±e is the solution of the Cauchy problem{
v̇ = φ′±(sin t, cos t) v

v(0) = e,

and e =

(
0
1

)
. Furthermore,

Q′±(1)(x
0
0(0), 0) y±0 =V ±0 (2π)

∫ 2π

0

(
V ±0 (s)

)−1
φ′′±(sin s, cos s)·

·V ±0 (s)

∫ s

0

(
V ±0 (τ)

)−1
(

sin τ
cos τ

)
dτ
(
V ±0 (s)

)−1
y±0 ds,

and

Q′±(2)(x
0
0(0), 0) =V ±0 (2π)

∫ 2π

0

(
V ±0 (s)

)−1
φ′′±(sin s, cos s)·

·V ±0 (s)

∫ s

0

(
V ±0 (τ)

)−1
(

sin τ
cos τ

)
dτ V ±0 (s)

∫ s

0

(
V ±0 (τ)

)−1
(

sin τ
cos τ

)
dτds.

We can show that x+
0 > 0 and x−0 < 0, with x±0 given by (5). On the other hand the

scalar products in (6) is equal to x+
0 and x−0 respectively, thus there are two branches of

solutions of the form (7) emanating from x0
0(0).

Finally, observe that if in (11) we substitute sign(ξ2
1 + ξ2

2 − 1) by −sign(ξ2
1 + ξ2

2 − 1) then
we have not branches of solutions to (11) of the form (7) for θ0 = 0.

5 Conclusion

The paper provides sufficient conditions for the existence of branches of solutions of the
form (8) to a nonsmooth ε−parametrized bifurcation equation originating from a curve
of solutions of the equation for ε = 0. The considered equation is quite general and
the obtained existence results, as the example of Section 4 shows, seem to be useful
tools for the bifurcation analysis of nonsmooth dynamical systems. It is worth to notice
that, contrary to the smooth case, in this case many different branches of solutions,
parametrized by ε > 0, can arise from the same point of the curve of solutions at ε = 0.
Such a situation was also described in [20].
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