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INTRODUCTION

IN'THE past few years, considerable attention has been paid to periodic optimization problems
in dynamical systems described by the nonlinear differential system

X=f(txu) (x‘ = —(—‘—x> )
de

where x is the real state n-vector at time 1€ / C R and u is the control paramcter m-vector

at time £ varying in some compact sct Q of ™ (to u we will refer simply as a control). In some

cascs f will be independent of 1. (Sce [1] as a survey paper and [2-6].)

The motivation for studying the above system is twofold. First, the performance of many
control process, ¢.g. chemical processes, cf. (7], can be improved with respect to the optimal
stcady-state by operating the process in a suitable periodic way, i.c. the optimal steady-state
operation of a process is not necessarily the optimal periodic operation. Bailey & Horn {8],
Guardabassi [9] and other authors (scc [1]) have obtained sufficient conditions for optimal
periodic operation. A comparision of analytic methods used in this problem is also given in
[8]. Sccondly, there exist control problems which naturally lead to consider periodic responses
to control functions. For instance, control processes involving biomedical devices (scc [4).

If the dynamics is lincar, i.c. f(1, x, u) = A()x + B(Ou, then for different performance
costs, sufficient conditions for the existence of the optimal periodic control ug with corre-
sponding optimal periodic response x¢ have been discussed by two authors: Markus [4] in the
casc where A and B arc independent of 1, and Tonkov [10] for the time-dependent case.

FFor nonlinear control dynamical systems, in [4-6] given a performance cost, onc assumes
the existence of an optimal control 1. Under the assumptions that the problem in variations
admits only the zcro solution and of the existence of a priori-boundedness of the periodic
solutions of (1), necessary conditions (by means of the maximum principle) for optimality
and structural propertics of u§ and x{ arc derived. The same procedure is employed by
Halanay [2] and Bailey [11] to derive necessary conditions for the optimal control of solutions
of lincar and nonlincar boundary valuc problems of more generul type. In the linear case the
maximum principle is shown to be, by dircet caleulation, a sufficient condition for optimality.

* This work was performed under the auspices of the Consiglio Nazionale delle Ricerche, Gruppo Nazion

ale per
I"Analisi Funzionale ¢ Ic suc Applicazioni, Rome, haly.
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Clarke [12] reduces a nonlincar optimal control system described by (1) to a differential
inclusion problem (without convexity assumption on the multivalued map) for which a ‘true’
Hamiltonian function is available, i.c. a Hamiltonian function which is a direct descendant
of the classical Hamiltonian in the calculus of variation, and gives a nceessary condition for
optimality in terms of this function. A comparison with thc maximum principle showing the
advantages of using the true Hamiltonian is also given. A differential inclusion problem is
also treated in [3], where sufficient conditions for the existence of an optimal periodic solution
among all the ddiissible ones (which arc assumed to exist) as well as sufficient conditions {or
optimality for an integral cost function arc stated.

Other papers [13, 14] deal with sufficient optimality conditions. The existence of a control
is assumed with corresponding periodic solution of (1) satisfying the maxiimum principle. In
[14] a sufficient optimality condition for this control is obtained by mcans of a suitably modificd
Hamilton-Jacobi equation. While in [13], sccond variation mecthods are employed and the
problem of preserving optimality under small perturbations is treated.

No direct method to solve the periodic optimization problem of system (1) is given in the
papers cited above.

In this paper a direct method is presented to solve this problem. A class of nonlincaritics
£:10, 1] x R" x Q@ — R is considered, satisfying the following conditions:

(i) f(1, x, u) is integrable with respect to ¢ for all {(x, u) € R" X Q and continuous in (x, i)
for almost all t € [0, 1];

(it) forall uE Q

|f(r, x, u)] < u(t) + alx}
where || denotes the Euclidean norm in R*, u € Li([0, 1], R) and a > 0. The class of controls
is defined by U = {u € L.([0, 1], R"):u(t) € Q for a.a. t € [0, 1]}

(Through this paper it is assumed that g, 1 and fare functions of ¢, extended by 1-periodicity
from [0, 1] to R.)

In Scction 1, a sufficient condition is given, denoted by (1), which assures, for all u € U,
the existence of a solution of (1) satisfying the following periodicity boundary condition

x(0) = x(1). 2)
Morcover, from this condition and the following convexity assumption a.c
(iii) the set f(t, x, Q) = {f(t, x, u); u € Q} is convex for cach x € R" and for cach 1 € [0, 1].
Some propertics of the set K of the initial states of the 1-periodic solutions of (1) corresponding
to u € U arc given. .

Lastly, in Scction 2, for a general performance cost the existence of an optimal control
belonging to U is proved.

SECTION 1. EXISTENCE OF PERIODIC RESPONSES
Let us consider the differcntial system

X=f(tx,u) (1)
together with the boundary periodicity condition
<(0) = x(1) @)

where f:{0, 1] X B” X Q — R” satisfics conditions (i) and (ii).
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Solutions of (1)-(2) arc understood irlat.gc_Cara(héodory sense, i.¢. absolutely continuous
functions x:[0, 1]— R" verifying (1) for c/azh t € [0, 1} with x(0) = x(1).

Under assumptions (i) and (i), for cach u € U and xo € R" it is known (cf. [15]) that there
exists at least onc solution of (1) in [0, 1] initiating at xy.

Let X be the space AC([0, 1], R”) of the absolutely continuous functions with the norm
i
lxllac = max [x()] + J RIOIE
1€46,1) 0

Let Y = L,([0, 1], B") with the norm x|z, =f§x(r)] dr. oa-a.
Define L:D(L)C Y=Y by D(L) = {x'€ X:x(0) = x(1)} and (Lx)(r) = x (1) for eacli 1 €
[0, 1]. Clearly L takes values in Y. For a fixed n €U, let FiiY—>Y be defined by
F(o(0) = [, x(0), u(®)) for g € [0, 1]. The assumptions on f imply that F, maps Y
continuously into itself (cf. [l()]).a'a'
The problem (1)—(2) takes the form

Lx = I (x).
Notice that
N(L) = {x € D(L):x(1) = x(0) forallr €[0, 1]},
and

R(L) = {y S Y:Ll (1) dt = 0}.

Hence L: D(L) C Y— Y is a Fredholm operator of index zero and Y can be decomposed in
the topological direct sum Y = N(L) @ R(L). Let Q be the projection of Y onto R(L) parallcl
to N(L) defined by (Qy)(1) =y(1) = Jay(1) dr. Therefore problem (LF,) is cquivalent to the
system
w = HOF(cl +w) (LF.)
= (] - Q)F.cl +w)

wheret (1) =1 forevery r€[0,1], cER", ct +w & N(L) @ R(L) and 1 is the right inverse
of L composcd with the compact imbedding of D(L) into Y. System (LF,) can be regarded
as u fixed point problem, namely the solvability of (LF,) is cquivalent to the existence of a
fixed point of the map S:N(L) X R(L)— N(L) % R(L) defincd by

S(c, w) = (c1+ (I = Q)F.(ct +w), HOF(c¥ + w)).
These methods are widely employed to cstablish the solvability of some nonlincar differcntial

cquations (sec [17, 18]), ag well as the extensive references therein).
For any x € R"\{0} zlndyrft &[0, 1], let

s(t,x) = sup{(?‘;l););y ef(, x, Q)},

where (v, y) denotes the inner product of x and y in R” corresponding to the Euclidean norm
|-|. Consider

s(1) = Il sup s{1, x)

jaj—r 4w

we arc now in a position of proving the following.
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Treorem 1.1. Supposc that conditions (i) and (ii) arc satisficd. Morcover assume that
!
J s(ry dr <Q. (rn
U

" Then, for cach ¢ € U, there exists a solution of (LF,) of the form
X, = ot w, € N(L) DR(L).

"Proof. Fixed u € U, the maps (1 - QYF,: X— N(L) sad HOF,: X — R(L) arc continuous
and compact, i.c. they map bounded scts of X into relatively compact sets. To prove the
existence of a solution of (LF,) the propertics of the Leray-Schauder topological degrce of
the previous maps are utilized. (See [19] for a review on topological degree as well as the
extensive references therein.)

The procedure is the [ollowing

(1) prove that the map G.:N(L) X R(L) % [0, 1]—= N(L) x R(L) defincd by

Gule,w, A) = ((I = O)F Lt + hw),w = MIQF(ct +w)).
is an admissible homotopy in By X [0, 1] for R >0, where Dy is the ball in X centered at zero

and radius K. Therclore by the homotopy invariance and the product of domains propertics
of the Leray-Schauder topological degree onc has

deg((1 = Q)F.(cd +w),w = HQF(ct + w), B, 0) = deg((! = Q)u(ct), B NN(L),0).

(11) Then show that deg((/ = QY (ct), Br N N(L), 5) is different from zcvo and so, by the
solution property of the Leray-Schauder topological degree, establish the existence of a hixed
point of the map S(c, w) in By, or cquivalently, the solvability of (LF,).

Part (1). Consider all the possible E-periodic solutions of

Lx = vF(x) (3)

where w € Uand v € (0, 1]. ttis nccessary to show thit they are cquibounded in C([0, 1], R")
and so in X by (ii). For this, let x be a solution of (3; for some 1 G U and v € (0, 1}, i.c.
Q,(Ls

) = of (1@, () torealhi€(o, 1)
x(0) = x(1)

and

therclore

. 2
SBOL (a0, 0,500, 10)) = [ )|+ al O F 1) =

e

dividing by |x() ] + 1 and integrating on the interval [z, 1], where 7€ Rand (€[, v+ 1},
produccs

120log(Jx(NfF + 1) = log(lx(D P + D] <a + Ul L{:((A_A))t%"f)l! ds = M(x).

By the L-periodicity of x one has

tog max (Ja(n) ] + 1) <log min (Jx(1) 1)+ 2M (). {4)
[TAURY

e fo, 1

e e = = e mE s TSmT TR
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Suppose now that the 1-periodic solutions of (3) arc unbounded in C([0, 1], R") then there
exist sequences {,} C (0, 1], {u,} C U and {x,} C D(L) such that
Q-2.
G0) = wf (1, 50, 1,(1) for}nélt €0, 1]

and

max |x,(0)]— + as o=+,
1ef{u, 1}

From (4) it follows that min |x, ()| =+ @ as n— + (the sequence M(x,) being bounded
€, 1}

in R). Thercfore, for n sufliciently large

[ GOLERO0D) g 50]
! "\:“(1) iz \“(O)
but v, C (0,1}, so
jl (\n(l) f([ \'»(1) “u {))) dr =0
EAGIE ‘
Hence
0 <limsup J‘ s(1, x,(n) dr. : (5)

On the other hand, for all ¢ € [0, 1}, |x, ()] — + as n— +w hence

lim sup s(r, x,(0) < lim sup s(t, x) foraltr €[0, 1)
x|

H~> F o
and using Fatou’s lemma and (5), (H) is violated.
Thus there exists p” > 0 such that cvery 1-periodic solution x of (3) satisfies the inequality

max |x()] < p'. (6)

1z]0,1)

Morcover, (M) implics that there exists a positive constant p” such that

0 (= Q)F(x) - ™
forx € D(L) and max [x(Nl=p", and lor all u € U.
€lo. 1)

By means of (6) and (7), notice that the homotopy G, is admissible in B X [0, 1] {or cach
u € U, where By is the ball in the norm of X corresponding to the ball Bg in the norm of
C([0, 1], R") with R = max{p’, p'}.

Part (11). For a fixed u € U, let us consider the map G,: N(L) X [0, 1]— N(L) defined by
Gulc, A = (A~ Ded + A = Q)F(c1). Tt is necessary (o prove the existence of a constant
Ry = R such that G, is an admissible hamotopy in By, NN(L). Supposc the contrary, then
there exist sequences {A,} C [0, 1], {c.} TR with |¢,]— 40 as n-— +o, and {1} C U such
that

g = (An - l)C,,H -+ /Jm([ - Q)F,,"(C,ﬁ)
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or cquivalently
t
0=, — e+ A,,J' J(t, coy ) &
0

hence i

|
(C,,, L f({) Cry Ll,,(l)) d‘)

0=(, -1+ \Cniz

®)

By the assumption (M), taking n sufficicntly large

(e ] 100 )

‘C“ ‘1
which is a contradiction with (8); therefore taking R = R,

dep((1 = Q)F., Bx OV N(L),0) # 0.

<0

This completes the prool of thcorem i1, #H

Remark 1.1. Note that theorem 1.1 remains true and its proof is essentially the same if the
assumption (M) is substituted with thc following onc

JI m(f) de >0 (HYy

where m(f) = l‘im inf m(r, x), and m(r, x) = int{(x, Wil y € fl x, D)

xj—r b

Remark 1.2. Define so(t, x) = sup{(e, xSy € X, Q)}, where 6 € [0, 1]. Tn theorem
1.1 replace (H) by fhso(r) dr <0, thisallows the case where the nonlinear term fis asymptotically
sub-lincar with respect to x to be studied. It is the same situation where (i) takes the form

(v, u)| = () +a lx]®

forall u € Q and 8 € [0, 1), for which the assumption (1) is not verificd. Observe that theorem
1.1 remains true and the proof for 0 € [0, 1) is the same of the case where & = 1; in fact

" (JU
W) = Ju RODe 2

with v = |x[?, is a positive strictly increasing function such that lim (i) = +oo, for all
s€(0, 1).

In particular, if fis uniformly bounded and m = n = 1 then condition (H) reduces to the
following oncs ‘

u— tw

i
J tim sup sup (¢, x, 1) dr <0
i3]

vt WE€LR
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and

i

f limint inf f(r,x,u)dt >0
g x—-® W€

which are Landesman-Lazer type conditions on the asymptotic behaviour of f with respect

to x (cf. [20,21]). Note that if fis time-independent the above conditions are verificd it

Jx,u) < —a<UOforx>kandlorallu € Q, where & > 0, and f(=x, 1) = —f(x, u). Analogous

considerations hold for ()",

Remark 1.3. Consider the logarithmic norm u(A) of a square matrix A defined by means of
the formula

WAy = lim WY+ hAl =D

hi=y
(sce, for instance [22]). Obscrve that

H(A) = sup (x, Ax).
fal=1

If the dynamics is lincar, i.c. f(1, x, 1) = A(f)x + B()u, then condition (M) is cquivalent to
the following once

1

f up (v, A(s)) ds <.
Y J =

Since for every solution x(f) of the lincar system & = A(f)x the {ollowing incquality holds (sce

[22], theorem 3, p. 58)

5= () exp( [

3

W) )

then condition (H), in the lincar case, implics that the only periodic solution of £ = A(f)x is
the zero solution. Therefore problem

{.\" = A(Dx -+ BOu
x(0) = x(1)

is solvable for every u € U.

Remark 1.4. Theorem 1.1. can be proved, following the same procedure,, by using the notion
of coincidence degree introduced by Mawhin in [23] (cf. also [24] and [27) as well as the
extensive relerences on Landesman-Lazer type problems therein.)

Rcmark L.5. It is interesting to obscrve that the multivalued | map F:Y—o Y defined by F(x)
= {z:[0, 1] = R, z measurable and z(1) € (1, x(1), Q) for C/)Cf] r€ [0, 1]}, where f satistics
(i)-(iii), has the following propertics
(a) for cach x € Y, F(x) is a noncmpty, closed and convex subsct of Y;
(b) F:Y—0 Y is bounded, i.c. it maps bounded sets into bounded scts;
(¢) if x,—~x in Y and z, € f(x,) then lim dm (z,, F(x)) = 0;

s b

() for cach x € Y, F(x) = {F.(x):u € U}
For a proof sec {25].
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THEOREM 1.2. Let the assumptions (i)~(iii) and (H) be satisfied. Let (1) the set of the initial
states of the 1-periodic solutions of (1) corresponding to u € U. Let K = {I(u):u € U}, then
(a) K is a compact set of R";
(b)K is the union of all I-periodic responses of (1) to controls 1t € U,

* Proof. From theorem 1.1 it follows that cvery 1-periodic solution of (1) corresponding to
the controls u € U is contained in 8, C X, Therefore X is bounded in R, Morcover, consider
a sequence xg, in K and the corresponding u, € U for which

xX,(1) = xy,, + flf(s,.t,,(s), 10,(5)) ds with x,(1) = xy,,.

Hence {x,} is a sequence of cquibounded and equicontinuous function in C([0, 1], B"). By the
Ascoli-Arzcla theorem, passing to a subsequence, if necessary

xa(0) = xo(t)  in C([0, 1], RY).
Put
(1) = £, x,(0), u(1)),

hence

i I
lim f DLls)ds = J Do(s) ds
i

H— tw 4y

where ®y(1) is an integrable function. Thus

| i
lim f xe(x) b)) ds = f xe(s) Dy(s) ds
u o

N+ fw

where yg is the characteristic function of a subinterval L. Every measurable set can be
approximated by a finitc sum of disjoint open intervals, and so the above formula holds for
an arbitrary measurable sct £ in [0, 1]. Therefore &, converges weakly to Wy in
L([0, 1], R"). Let

xolf) = xq + f "Dols) ds.

Clearly xo(0) =xo(1) = xy = lim x,,,, and so to prove that xy € K it remains to show that

n—r } o

there exists wy € U such that
aq.
Do(r) = [, xil1), 11a(1r)) for(:}wfx 1o, 1).
ForullneNnN,
da
D) € J (1, x,(1), Q) lor c:x),h/; €1[0,1].
By the weak convergence of &, o Dy

lim sup (y, d,(1) = (y, Dby(0)) = limint (y, &, (1))
ey tm + oo

Lidd
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a.a.
for all y € R" and for egefl ¢ € [0, 1]. Theretore

lim sup [sup (y, f(, 2.0, u))} = (y, Oy(1)) = limint [ igfq(y,f(l,x,,(!), i) }
HEQ n—4» Lu

H—r t o

Thus, by the continuity of f with respect 1o x
sup ()’,f([, '\‘U(/)) “)) = ()") q)ﬂ([)) = lgg ()’»[([’ .l'u({), “))
uEQ . we

for all y € R" and for a.a. t € (0, 1].
This implics, via the assumption (iii), that a

.a.
Oo(1) € f(1, xo(r), Q) for C)ﬁ(l €10, 1].
Roxin proved in [26] the existence of a control 1wy € U such that
L. .

(pu(f) = _/([, .\‘U(l), U(,([)) fol‘ cpchir € {0, 1]
and so (a) is proved. To prove (b), let 1y € U be the control with corresponding 1-periodic
response xo(f) initiating at xq, i.c.

[
xo(1) = xg + j S5, xu(s), uo(s)) dy - with xy(1) = x.
it
Let 7€ R, then

Xt + 1) =xy+ ‘J'H rf(x,,\'(,(.s‘), () ds = (1) + J.[f(s +rayls + 1), uy(s + 1)) ds.
o b

Notice that xu(f + 1) is a periodic function, hence the control uy(r + 1) gives a 1-periodic
response with initial state xg(0 + 7). In conclusion the sct {xy(r): 1 € [0, 1]} is contained in
K. B

SECTION 2. OPTIMIZATION PROBLEMS

In this scction, among all solutions x(¢) of (1) and (2) for v € U, the optimal solution
X3 (1) corresponding to a control uf € U which minimizes a cost functional C(u) of the type
considered in [27] 15 determined.

The following theorem states the existence of such a control

Tueorem 2.1. Consider the nonlincar control process in R"

X = f(t,x,u) (1)
together with the boundary periodicity condition
X{(0) = x(1) @

where the nonlincar term f satisfics the conditions (i1)-(iit) and (H) and v € U. Morcover,
assume that the following Lipschitz condition holds

(iv) there exists a positive constant A such that for every 5/,/:() GJ,O,/l] X € as&cl a-Q. 66 EO(_{:\

(e 0) = Ly, ) < Ale =yl
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Let the cost functional be defined, for cach u € U, by
i
Clu) = g(x(1)) + J SO, x(0), u(h)) de + m(ax Hx(1))
([ 1€40,1}

and assume that the following conditions arc satisficd.

(v) f:[0,1] x B* x Q — RXis integrable with respect 10 for all (v,u) € R" x Q and
continuous in (x, u) for cach € [0, 1]; g, y arc continuous functions in R,

(vi) forall ue Q

Lo, x, )| < () + a el

where i € Li([0, 1], R) and a, > 0;
(vii) the set

Ve, xy = {10, x, Q), (1, x, )}
is convex in R**! for cach fixed ,x}./a’bw,\ a-a. Jbécvl"&'j
Then there cxists an optimal control, i.c. a control u§ €U minimizing C(u).

Proof. For cach u € U there exists the min C(u), denoted by a(u). This is evident if ()
1{u)
is a finite sct in B If /() is an infinite set in B” the assertion follows from the compactness
of (1), which is an immediate consequence of theorem 1.2, and the continuity of C(«) on (1)
(cf. [15]). 1t is casy to prove now the following relation

inf C(u) = inl min C(u) = int C(u).
U Ui K

Since the 1-periodic responses « to the controls u € U arc uniformly bounded a =inf C(u) s
K

finite. Thus sclect a scquence {xy ) © K of initial states and a sequence {u,} C U, with

Xo.n € 1{1,), such that

‘i
a= lim a(u,)= lm {g(.\'u,,,) +J FU, (), w(n) de + max )f(x,,(i))}
1] 1€10,1}

n—s+® H—» t®

where x,(f) is the 1-periodic response to the control u,(1) with initial state xgp, 1.C.

it
X,(0) = xg.0 J F(s, xul8), uu(s)) ds and x,(1) = xou
0

s

Put X
40 = | 165,060, 1)) ds and [ = (1)

The functions £,(t) = (x2(1), x.()) are equibounded and equicontinuous in c(o, 1], R,
thus by the Ascoli-Arzeli Theorem, passing to a subscquence if necessary

() — 540 inC(0, 1), R
where

300 = (), x5, and&5(0) = £5 = (0, x§).
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Therefore, just as in theorem 1.2, f(1, x,(1), u,(1)) converges weakly in Ly([0, 1], R**") to some
integrable (n + 1)-vector dy(r) = (D), ©(1)). Define

() =3¢+ J 1 byls) ds
(4]

in virtue of (v)—(vii), and following the procedure used in the proof of theorem 1.2 the
existence of a control ud €U can be stated such that

Do) = (0, x5 (), w3 (1))

hence xg is the 1-periodic solution of (1) corresponding to the control td and the initial state
a5, Thus '

t
a=g(x}) + f SO, x50, wg(0) dr + m:xx] y(x§(0) = Cug)
U [t

which proves the existence of a control «f €U minimizing C(u). H
If more assumptions on the regularity of fwith respect to its arguments and on the functions
appearing in C(u) are madce and if the problem in variations

y = %(1, X (0), ug(1))y

y(0) = y(1)

admits only the zero solution, then further information on the optimal control can be derived
from the maximum principle.

In fact (sce [2]), by using the approach of Hestenes (28], it can be shown that 1 satisfics
the maximum principle. Note that the term max y(x(1)) in the performance cost C(u) can be
€lut)

written as an integral term and treated as in [5].
In particular the results of this Section and the discussion above can be applicd to the case,
considered by Markus in [4], where C(i) =~ max AN (s the first component of the periodic
(cjuy
solution x(7) of (1) corresponding o the control u(1)) to obtain the existence of an optimal
control satisfying a maximum principle.
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