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An Approximation Method for the Existence
of Periodic Solutions to Systems with Delay

We describe a method for proving the existence of periodic solutions to n-dimensional systems of the form
Z'(t) — Az(t) — Bz(t — 7)) = F[z(t)]. The proposed method is based on the harmonic balance method and the theory

of reproducing kernels.

1. Introduction

In this paper we describe an approach to proving the existence of periodic solutions to autonomous systems
of differential equations with delay, of the form

2'(t)y — Az(t) — Bz{t — ) = F[z(t)], (1)
with z : R — R™, A and B m X m constant matrices, 7 > 0 and F : R™ — R™ continuous. Qur approach avoids
the heavy machinery associated with the use of the Poincaré map

Piop() — 2T+ -5¢)

which maps the initial segment ¢(s), —7 < s < 0, into the terminal segment 2(T + s;9), —1 < 5 < 0, of the
corresponding solution to (1) with initial data »(-). T here is the unknown period.

Our method is based on ideas that go by various names: Cesari’s method, Urabe’s method (see [6]); the
method of harmonic balance, (see [3], [4], [5]), the theory of reproducing kernels (see (1}, [2]). Our method extends
easily to problems with several delays.

2. The Operator Equation

Our first step is to convert (1) to an integral equation on an appropriate Banach space of functions. Consider
(1) as a version of /() — Az(t) = f(t), and add the periodic boundary conditions

2(0) = 2(T) (T unknown). (2)

We define z(t) = z(Tt/2x), so x(-) is 2m-periodic if and only if z(-) is T-periodic. Then the differential equation (1)
with the boundary conditions (2) becomies

(a) welt) — Az(t) = Bz(t — o) + Flz(t)],
(b) #(0) = z(2n),

(3)

where o = wr, w = 27/T. Thus we have replaced the unknown period T by the fixed period 27 by introducing the
parameter w into the system. A solution of (3)(a)(b) will not in general yield a periodic solution of {1}, because of
the delay term; to guarantee a periodic solution we would replace (b) by z(s) = z(27 + 5), -0 <5 < 0.

The Green’s matrix for wz — Az = f. with periodic boundary condition z(0) = z(27), is given by (see [6])

€A(~t“’)/“’, 0 <s<t,
(4)

eATHI=s) vy g < om,

Gu(t —s) = (1/w)[I ~ CL’WA/w]—l {

assuming [ — e274/¢ is nonsingular. We make this assumption, which permits to write (3) as an operator equation



Gu[BS_,[x] + Flz]](t) (5)

2®
= Gt -—s)[Bzr(s—d) +F[x(s)]} ds,

o}

i

z(t) = T, [z|(t)

where S_,[z](f) = z(t — o) is the shift operator and F[z] is the Nemytskii operator F[z](t) = F[z(¢t)].

The appropriate space for (5) depends on the nonlinearity F’ and on the desired degree of regularity of solutions.
The idea is to take an appropriate space Xy of functions defined on {0, 27], say C([0,27], R™) or L2((0,2x), R™),
and create the space of periodic extensions

X ={z € Xo|z{t+27) = 2(t) forall t € R}

using the norm from Xp.
For example, if m = 1 and F[z] = z* then Xy = L,(0,27) is not appropriate, while X, = C[0,27] (or
Xo = Lg(0,2m)) is suitable, in the sense that 7, is well-defined on X. In fact we ask more that

T, X — X
be compact. For F' continuous, this will be the case for X¢ = C[0,27] since in this case 7, [z] will lie in
Z={y|yt+27)=y(t)forallt € R, y € W"?((0,27),R™)}.

Here W12 is the Sobolev space of functions with generalized derivative in Ly, which for functions of a single variable
coincides with space of absolutely continuous functions with derivative in L,. The natural embedding of this space
into C or Lo 1s compact.

Assuming that appropriate spaces X, Z have been defined, with 7, a compact mapping from X into Z C X,
we note that for a given o € [0,2n), any fized poini in X of T, 1s a 2w-periodic solution of (3a), hence corresponds
to a T-periodic solulion of (1) with delay o /w. Thus the search for periodic solutions of (1) has been reduced to a
search for those values of the parameters w and o = wr, which yield fixed points of 7., different from z = 0.

3. The Method of Harmonic Balance/Reproducing Nonlinearities
We assume that functions in X have Fourier expansions
>

z€X = z(l) — Zak ettt

with ag € R™, a, € €" for k # 0, a_, = G (the conjugate of ag). Define the standard Fourier projection

P,z 1z, ra(t) = Zak ekt (6)
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Note that F(P,[z](t) is 2m-periodic; we assume our space X has been defined in such a way that z, € X and
Flza(t)] € X, so Flz,(t)] also has a Fourier expansion with

PoFlea®] = > fee™,  fi= fe(ao,as), ..., aza).
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The method of harmonic balance replaces the operator equation (5) by the following finite-dimensional (Galerkin)
approximation:

ra(t) = P [x,](t) = G {BS_,[zn] + P.Flaa]}1). (7)

Here we have used the facts PG, = G.P,. P! = P,, P,BS_,[z,] = BS_,[z,]. For a given fixed n, (7) yields
(after some =asy calculations) a finite system of equations for the {(vector) coefficients ay, k = 0,4&1,... ,£n:



ay — (iwkl Ay-! [Bt’_ilwﬂk + fk(aovaily-‘wain)] = 0. (8)

These are called the harmonic balance cquations; their derivation requires that (iwkl — A) be invertible, which we
will assume.

There is one small technical problem here. The original systemn in (1) is autonomous, hence if x(t) 1s a periodic
solution then so is z(f — tq). The Fourier coefficients of these two solutions are related by a rotation ¢~***. We want
only one of the family {z(t — t3) | tg € R}. so we normalize one component of some fixed a;,, Say a;,;,, to have
a fixed argument (usually arg = 0). This selects a single representative from this family (see [5] or [3] for a fuller
discussion).

The harmonic balance equations can be straightforward or difficult to solve, depending on the function F. In a
different context, Bazley and collaborators (see [1], [2]) have identified an important class of nonlinearities for which
Galerkin-type equations (of which (7) is an example) are far more tractable than in general. We briefly outline the
connection with harmonic balance.

If H is a separable Hilbert space and if B = {u;} is a countable subset of orthonormal elements (in practice,
either j = 0,1,2,..., 0r j = 0,£1,42,...), then Bazley defines a nonlinear mapping F : Dp C H — H (Dp =
domain of I') to be a reproducing nonlinearity for B if for each natural number n there is a natural number m(n)
such that

Pspan {ue}3) € span{ux )5 (9)
(respectively F(span{ug}”,) C span{uk}'_"f:()n)).

For such nonlinearities, the computations associated with Galerkin approximations are simplified. The connec-
tion with harmonic balance is clear: harmonic balance uses up = e**' and goes one step further by truncating
spa,n{uk}g"(n) to span{uy }i whenever m(n) > n, in fact Bazley et al. often do the same thing in practice.

When one has B = {¢**'}>_ and F[z] = 2P, p a natural number, an easy computation shows F is reproduc-
ing; with for example m(2) = 2p.

The connection with harmonic balance is even more transparent when one writes (9), for B = {e*¥*}>_in
the more explicit form

m(n)

n
F(Z(lk Czkt) = Z fk(ao,ai],..,,ain)e’k'.

-n —m{n)

4. The Existence of Periodic Solutions
We now describe our existence theorem for periodic solutions of (1). For convenience we choose X to be the
periodic extension of the subspace {z(t) | =(:) € C[0,2r], £(0) = z(27)}. In this theorem we consider the operator
equation (5) with ¢ and w independent parameters. The operator 7,, , only depends on o through the shift operator
S-o and the solution Z,(t;0) of (8). We state the theorem in a way that sets up a procedure which exploits this

fact.

Theorem . Assume that there exists a natural number n such that
1) 3SCR,, S# ¢, such thatVeo e S, 3 (0(0),2,(t;0)) solving (7), with& # 0, T,(t;0) 0.
Lel Proj,(S) = {w] 30 € S such that w = &(o)} be the projection of S onto the w-azis. Assume that

2) 3T C Proj (S) such thatVw e 7 -

(a) I — 2™« qnd iwkl — A are tnvertible for k = 0,+1,... +n:

(b) 38, CS, Bu(Z,pu) C X, with Sy # 6, 0< p, < 1Znll, such thatV o € S, T,,.s : B — B is a compact
map.



Then ¥V w € J 3 a not-identically-zero periodic solution of (1) with period 2w /w, for every delay

re{ojwloe S, ).

The proof is based on the Schauder Fixed-Point Theorem. Indeed, we look for a ball B(Z,,p)in X, with p < |[Z,]],
with w € J, o € 8,. We require 7, , : B - B, so we write

NToolz] = Zall = (Gu[BS_sx + Fla]] - 2a]]
IGwBS_o(x — Zp) + Gu © Flz] = Gu, 0 FlZn]

+Gu(BS_o 3 + F[Za]) = 2nl| (10)
16 BS_olllz = Za [l + G o (Fla] = F DI

+”ng5——0§71 + gw o ]:[in] - ;’En” .

IA

If G, o F[-] is Lipschitz with constant A, {p) on the ball B(Zn, p), then

1Taolz] = Znll < {160 BS-oll+ Au(p)] llz = Zall
+ngBS—o’5n -+ Gw o] }-[En] - :/L'\n”oo (11)

Mllx — 2.0l + N,

i

To guarantee a fixed point in B we require
Myp+ No < p < ||2a]]- (12)

Thus we can guarantee a solution of the operator equation (5) if there exists a p > 0 such that (p may depend on
w).

livﬂlu < P < Hin” and
(13)
Mo =[G BS-o|l + Au(p) < 1.

Each fixed point z(t) will yield a periodic solution to (1) with delay 7 = o/w and period T = 27/w.
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