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Summary. This note deals with a general notion of con-
trollability (called f-controllability) of nonlinear
control processes. Using topological degree arguments
the author states sufficient conditions for local and
global f-controllability by means only of controls be-

longing to a finite dimensional subspace of Lw([O,IJ,KF).

Introduction

We shall consider a general type of controllability
of the nonlinear control process described by the dif-
ferential system

x(t) = £(t,x(t),u(t)) for almost all (a.a.)

te[0,1] 1)

where the function f£:[0,1] x R x ]£n+ R"  satisfies
Carathéodory type conditions that will be specified
later.

The control law t -+ u(t) is a function belonging to
the Banach space Lw([O,l],]f“) of the Lebesgue measu-
rable essentially bounded functiomns u : [0,1]+R™.

The state t -+ x(t) of (1) is a function belonging to
the Banach space AC([0,1],R®) of absolutely continuous
functions x:[0,11+R". while C([0,1],B%) will

indicate the Banach space of continuous functions
x:[0,1] +~ R".

In what follows (AC)S, (c)$ and (Lp)s, s ¢ N,
will denote the spaces AC([0,11,R%), C([O,l],R?) and
LP([0,1],R®) with 1 < p s += equipped with the
usual norms.

In order to introduce the notion of f-controllability
of (1) we consider a (non necessarily linear) continuous
"boundary" operator

2 a0 x @™ >’

with k>n

mapping bounded sets into bounded sets, and for a given

y € rK we will say that the system (1) 1is L-control-
lable at y if the nonlinear boundary value control
problem

[ x(t) = £(t,x(t),ult)) for a.a. tel0,1]
(2)
1 L(x,u) =y

©. m
ue (L) .
Furthermore, if there exists a neighborhood N(y,) of
Y, € R such that for any y ¢ N(yo) problem (2) is

is solvable for some
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solvable for some  ue€ (Lm)m then system (1) is said to
be locally f-controllable at y ¢ R". Finally, if
(1) is f-controllable for any vy ¢ R¥  then it is said
to be globally f-controllable. In particular, if

e{x,u) = (x(0),x(1)) ¢ R x’" where x(1) = x(0) +

1

+ [ £(t,x(t),u(t))dt, then the above definitions redu-—
Jo

ce to the usual definitions of controllability in R

The aim of this note is to provide sufficient condi-
tions for local and global f-controllability by means
only of controls belonging to a subspace U of dimension
d = k-n.

Tools and procedure

The approach to the previous problem is essentially
based on Mawhin's coincidence topological degree (seel
and the extensive references therein). Specifically, we
rewrite the nonlinear boundary value control problem
(2) as the following abstract equation

Alx,u) = ¥(x,u) : (3)

where A,Y @ (AC)nx U - (Ll)n X EF are the operators
defined by

Ax,u) = (L(x,u),e(x,u))

with L(x,u)(t) = x{(t) for a.a. tel[0,1], and

‘l’(x,u) = (@(X,U) )y)

(AC)n x U (Ll)n is the Nemitskii operator
generated by f£. ¥ is a compact operators (i.e. conti-
nuous and sending bounded sets into relatively compact
sets).

This abstract form of (2) is suitable for the appli-
cation of topological degree arguments and, in particu-
lar, we will have the homotopy invariance property. In
fact, under appropriate conditions on the asymptotic
behaviour of the map £ (i.e. the restriction of

where ¢ :

KerL
the boundary operator & to the kernel of the operator
L) which guarantee that its topological degree with
respect to y is different from zero, and under certain
"a priori bounds" for the solutions (x,u) of the
family A(x,u) = A¥(x,u) depending on the parameter

xe[0,1] (homotopy), we get the solvability of (3) as
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stated in theorem 1 below. Furthermore, in theorem 2 we
state conditions for the global f-controllability of
(1). For a linear control process in R" with a gene-
ral linear boundary operator, controllability results
were obtained by Marchid® and for perturbed linear con-
trol processes by Denkowski and Trap1e3.

Such topological arguments were previously used by
the author™ to treat periodic control problems. Moreo—
ver, by means of a suitable homotopy, Furi-Nistri-Pera
and Zezzasobtained sufficient conditions for the global
controllability of (1), using only controls belonging
to an n-dimensional subspace of (LT)M,

2-Controllability results

Assume that the function f:f[0,1]1x r" XD£“+CRH sa~
tisfies the following Carathéodory conditions
(£y) for any (p,q) e R xR™, the mapping t-£(t,p,q)
is Lebesgue measurable on [0,1]; for a.a. te[0,1] the

mapping (p,q) * £(t,p,q) is continuous on R"x Rr";
(fz) for each p>0 there exists Y e(Ll)1 such
that for a.a. tel[0,1] and every (p,q) with
Ipl + lql sp one has [£(t,p,q)| SYp(t)-

Let U be a finite dimensional subspace of (Lm)m
with dim U = k-n = d. Choose, for simplicity, y =0

in problem (2). The following theorem states the
g-controllability at O of (1).

Theorem 1.
(i) the set

Suppose that

S = {(x,u) e (AC)nx U: (x,u) 1is a solution of x(t) =

= Af(t,x(t),u(t))
rel0,11)
©" x @ahH" .

for a.a. tel0,13, £(x,u)=0

for some

is bounded in

(ii) deg (EO,QO,O) # 0, where L, =% a and @, is
R xU
any bounded open set coataining S5 = 2;1(0).
(deg (ZO,QO,O) denotes the topological degrec of the
map L4 : 6 + R with respect to 0).

Then the nonlinear boundary value control problem (2},

with y = 0, has a solution in ey xu .

As a consequence of the above theorem we obtain the
following

Corollary. Suppose that the assumptions (i)-(ii) of
theorem 1 are satisfied. Then there exists €>0 such
that for every vy ¢ RE lyl <e, problem (2) has
a solution in (AC)P x U,

Furthermore, assume Lhat

(iii) given ye R¥, the set

with

{(x,u) € (AC)" % U :
= f(r,x(t),u(t)),

(x,u) is a solution of x(t) =

L{x,u) = u; for some pe [0,1])

is bounded in (C)nx (Lm)m-

Then (2) is solvable in (AC)n><U for y = ;.

Finally the following theorem states the global
g¢-controllability of (1).

Theorem 2. Assume that assumptions (i)~(ii) of theorem

1 are satisfied. Moreover assume that
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(iii) for every Mz 0 the set

{(x,u) € (O™ % U : (x,u) is a solution of (2)
with |yl sM}
is bounded in (C)nx (Lm)m.

L of solu-
there exists

Then system (1) has a connected component
tion (x,u) such that, for any ye R

(x,u)ye L which solves (2).
Comments

Since in the previous results we are always concerned
with the assumptions involving a priori bound type con-~
ditions, it is not hard to convince oneself that it is
of foundamental importance to investigate how the solu-
tions depend on the parameters. Specifically, Lemma be-
low states a result which enables us to deduce the boun-—
dedness of the set S from that of the parameters.

For this, let A,B be bounded open sets of K" and
R~ respectively and let A,B be their respective clo-
sures. Consider the following condition

(H) for every c = (a,b)e AxB and every ie[0,1]
the set X(c,A\) = {xe (AQ)™ : x(t) = AL(t,x(t),u(t))
for a.a. tel0,1], x(t) = a for some tel0,1] and
u = J(b)} is bounded in (C)". :ri>y being an
isomorphism).

Lemma. Assume that for every pair (x,u) ¢S we have
x(t) e A for some tel0,1] and J°l(u) ¢ B then con-

dition (H) implies assumption (i) of theorem 1.

Note that condition (H) is satisfied, for instance,
if for any p >0 there exist two functions ap,B e(Ll)1
such that [f£(t,p,q)]| Sap(t) +Bp(t)|p| for all |ql <p,
all peR"™ and a.a. tel0,1]. Obviously, condition
(H) is also verified if the set X(c,X)
for any cechAxB and Arel0,1].

is a singleton

Detailed proofs of the results presented in this note
can be found in a more extensive paper of the author6.
Furthermore, in that paper several conditions to ensure
that assumption (ii) of theorem 1 holds are presented.
Examples illustrating the theory are also included; in
particular, we pointed out conditions on £ and % and
the role of an appropriate choice of the space U of
controls in order to satisfy the assumptions in the pre-
vious abstract results.
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