Test of Discrete Event Systems - 26.11.2013

Exercise 1

An electronic device driving the opening of a safe generates one of three numbers, 0, 1, or 2,

according to the following rules:

i) if 0 was generated last, then the next number is 0 again with probability 1/2 or 1 with
probability 1/2;

i1) if 1 was generated last, then the next number is 1 again with probability 2/5 or 2 with
probability 3/5;

i11) if 2 was generated last, then the next number is either 0 with probability 7/10 or 1 with
probability 3/10.

Moreover, the first generated number is 0 with probability 3/10, 1 with probability 3/10, and 2
with probability 2/5. The safe is opened the first time the sequence 120 takes place.

1. Define a discrete time Markov chain for the above described mechanism of opening the safe.
2. Compute the probability that the safe is opened with the fourth generated number.

3. Compute the average length of the sequence generated to open the safe.

Exercise 2

A communication node receives messages formed by sequences of bytes. The length L of a generic
message (expressed in Kbytes) is a geometric random variable with parameter ¢ = 2/3, namely
P(L =n) =(1—-¢q)" !¢, n=1,2,.... The node has a dedicated buffer which may contain at
most two messages waiting to be transmitted (independently of their length), and transmits over
a dedicated line with constant channel capacity equal to 1000 Kbytes/s. During the time needed
to transmit a single Kbyte, at most one new message may arrive with probability p = 3/5. If the

buffer is full, the arriving message is rejected. It is assumed that the node is initially empty.
1. Define a discrete time Markov chain for the communication node.

2. Compute the probability that, after 5 ms from the initial time instant, there are exactly two

messages in the node (one waiting and one being transmitted).

3. Compute the average number of messages in the node at steady state.
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