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Outline

•RobustSPRwithlpuncertainty:problemstatement

•RobustSPRvs.lpparametricstabilitymargin

•Frequencydomaincharacterization

•Problemsolutionfortheellipsoidal(l2)case

•Problemsolutionforthepolyhedral(l∞andl1)case

•Conclusion
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Motivationandproblemstatement

•RobustabsolutestabilityofnonlinearfeedbackLur’esystems

[Siljak1969]

•Convergenceofrecursiveidentificationalgorithms[Ljung1977]

andadaptiveschemes

RobustSPRproblem.GivenanuncertainsetPofpolynomials,

findapolynomialorrationalfilterF(s)suchthat

P(s)

F(s)
isSPR∀P(s)∈P

[Dasguptaetal.1987],[Andersonetal.1990]
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lprobustSPRproblem

•lpsetofpolynomialsofdegreem

P
p
ρ:=

{

P(s)=P0(s)+
n∑

i=1

qiPi(s):‖q‖p≤ρ

}

P0(s)∈H;∂P0=m,∂Pi<m∀i=1,...,n;

q=(q1...qn)
′
∈R

n
;ρ>0

•ParametricstabilitymarginofthesetP
p
ρ

ρ
∗

=sup
P

p
ρ⊂H

ρ

i.e.,themaximumlpnormoftheuncertainparameterssuchthat

P
p
ρcontainsonlyHurwitzpolynomials.
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lprobustSPRproblem

Theorem.[Andersonetal.1990].

GiventhesetP
p
ρ,supposeρ<ρ

∗
.Then,thereexistanintegerM

andaHurwitzpolynomialR(s)ofdegreem+Msuchthatthefilter

F(s)=
R(s)

(s+1)M

solvestheRSPRproblem.

•F(s)canbeapproximatedviaaseriesexpansion

–NoclosedformforF(s)

–Noa-prioriknowledgeonthedegreeMofthefilterF(s)

AcharacterizationofrobustSPRsynthesisforsystemswithlpparametricuncertainty



            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

UniversitàdiSiena5

CharacterizationoflpRSPRproblemsolutions

G(s):=

(

−
P1(s)

P0(s)
,...,−

Pn(s)

P0(s)

)

′

R(ω):=Re[G(jω)],I(ω):=Im[G(jω)].

Theorem.AllrationalfilterssolvingthelpRSPRaregivenby

F(s)=
P0(s)

Φ(s)

whereΦ(s)isarationalfunctionsuchthat

1.Φ(s)isSPR;

2.‖R(ω)−γΦ(ω)I(ω)‖
d
p<

1

ρ
∀ω≥0

being

γΦ(ω):=Im[Φ(jω)]/Re[Φ(jω)];‖·‖
d
p:dualp-norm
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CharacterizationoflpRSPRproblemsolutions

•Phasecondition

‖R(ω)−γΦ(ω)I(ω)‖
d
p<

1

ρ
⇔γ(ω)<γΦ(ω)<γ(ω)

γ(ω) _

γ(ω)
_

ω

γ(ω)
_

γ(ω) _

ω (ω) γ
Φ

ρ=ρ1ρ=ρ2<ρ1
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lpRSPRproblemsolution

•Key.Characterizetheset

Γ
p
ρ=

{

γ(ω):‖R(ω)−γ(ω)I(ω)‖
d
p<

1

ρ
∀ω≥0

}

•AsolutionexistsifandonlyifaSPRfunctionΦ(s)canbe

synthesizedsuchthat

γΦ(ω)∈Γ
p
ρ

•Idea.FindaSPRfunctionΦ(s)suchthat

γΦ(ω)≈γ
∗
(ω)=argmin

γ
‖R(ω)−γI(ω)‖

d
p

•γ
∗
(ω)isindependentofρ
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Theellipsoidal(l2)case

•Ifρ<ρ
∗
,thenapositivereal(PR)functionΦ

∗
(s)existssuch

that

γΦ
∗(ω)=γ

∗
(ω)

•Φ
∗
(s)canbeexplicitlycomputedinclosedformviathesolution

ofapolynomialfactorizationproblem

•ThesoughtfunctionΦ(s)canbecomputedbyperforminga

suitableperturbationonΦ
∗
(s)
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Thel2case

Simplifyingassumption(canberelaxed).ThesetP
2
ρissuchthat

I(ω)6=0∀ω>0.

•Thepolynomial

Π(s)=
n∑

i=1

P0(s)Pi(−s)[P0(−s)Pi(s)]odd

canbefactorizedas

Π(s)=As
r
Π̄1(s)Π̄2(−s)

withΠ̄1(s)andΠ̄2(s)monicandHurwitz.
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Thel2case

•Define

Φ
∗
e(s)=

Π̄1(s)

Π̄2(s)

Φ
∗
o(s)=

Π̄1(s)

Π̄2(s)
s
sgnA(−1)

(r−1)/2

•Φ
∗
(s)isgivenby

Φ
∗
(s)=







Φ
∗
e(s)reven

Φ
∗
o(s)rodd
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Thel2case

Theorem[Bianchini,Tesi,Vicino2001].Assumeρ<ρ
∗

and

I(ω)6=0∀ω>0.

Then,forsufficientlysmallε,δ>0,therationalfunction

Φ(s)=











































Φ
∗
e(s)(1+δs)

∂Π̄2−∂Π̄1
forevenr

Φ
∗
o(s)

(

s+ε

s

)

sgnA(−1)
(r−1)/2

·

·(1+δs)
∂Π̄2−∂Π̄1−sgnA(−1)

(r−1)/2foroddr

issuchthatthefilterF(s)=P0(s)/Φ(s)solvesthel2RSPRproblem.

•ThedegreeofF(s)isboundedbythedegreemofP(s)
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Thepolyhedral(l∞,l1)case

•Non-smoothproblemandnoclosedformsolution

•Weproposeanumericalprocedureforthecomputationofafilter

F(s)ofgivenformsolvingtheRSPRproblemwithguaranteed

(possiblymaximum)robustnessmarginρF≤ρ
∗
.

–PolynomialfilterclassofthesamedegreeasP
(∞,1)
ρ

F(s;θ)=P0(s)+∆F(s;θ)

Note.F(s;0)=P0(s)isasolutionforsmallρ

•WhetherapolynomialF(s;θ)solvingtheRSPRproblemexists

undertheonlyconditionρ<ρ
∗

isstillanopenquestion.
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Thel∞case

•Uncertainpolynomialfamilyofdegreen(withindependent

perturbations)

P
∞
ρ:=

{

P(s)=P0(s)+
n∑

i=1

qiâi−1s
i−1

:‖q‖∞≤ρ

}

•Polynomialfilterclassofdegreen

F(s;θ)=P0(s)+
n−1 ∑

i=0

θis
i

θ=(θ0,...,θn−1)
′
∈R

n

AcharacterizationofrobustSPRsynthesisforsystemswithlpparametricuncertainty
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Thel∞case

•Define

Φ(s;θ)=
P0(s)

F(s;θ)

⇓

γΦ(ω;θ)=
Im[P0(jω)]Xe(ω;θ)−Re[P0(jω)]Xo(ω;θ)

1+Re[P0(jω)]Xe(ω;θ)+Im[P0(jω)]Xo(ω;θ)

with

Xe(ω;θ)=
1

|P0(jω)|2

n−1 ∑

i=0,ieven

θi(jω)
i

Xo(ω;θ)=
1

j|P0(jω)|2

n−1 ∑

i=0,iodd

θi(jω)
i

AcharacterizationofrobustSPRsynthesisforsystemswithlpparametricuncertainty
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Thel∞case

•Let

ρF(θ)
−1

=sup
ω≥0

(Ke(ω)|Re[P0(jω)]+γΦ(ω;θ)Im[P0(jω)]|

+Ko(ω)|Im[P0(jω)]−γΦ(ω;θ)Re[P0(jω)]|)

with

Ke(ω)=
1

|P0(jω)|2

n−1 ∑

i=0,ieven

âiω
i
,Ko(ω)=

1

|P0(jω)|2

n−1 ∑

i=0,iodd

âiω
i

Proposition.ThefilterF(s;θ)solvestheRSPRproblemforall

ρ<ρF(θ)providedthatθbelongstotheset

ΘΦ+=

{

θ∈R
n

:inf
ω≥0

[1+Re[P0(jω)]Xe(ω;θ)+Im[P0(jω)]Xo(ω;θ)]>0

}

AcharacterizationofrobustSPRsynthesisforsystemswithlpparametricuncertainty
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Thel∞case

•ThemaximumperturbationnormρF(θ)forwhichthefilter

F(s;θ)solvestheRSPRproblemcanbemaximizedthroughthe

solutionofthenon-convexoptimizationproblem

θ
∗

=argsup
θ∈ΘΦ+

ρF(θ)

•ρF(θ
∗
)isalowerboundtothemaximumρ≤ρ

∗
forwhicha

polynomialsolutionexists

•AperformancemeasureofthefilterF(s;θ
∗
)isgivenbythe

comparisonofρF(θ
∗
)andρ

∗

AcharacterizationofrobustSPRsynthesisforsystemswithlpparametricuncertainty
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Thel1case

•Uncertainpolynomialfamily

P
1
ρ:=

{

P(s)=P0(s)+
n∑

i=1

qiâi−1s
i−1

:‖q‖1≤ρ

}

•Polynomialfilterclass

F(s;θ)=P0(s)+
n−1 ∑

i=0

θis
i

θ=(θ0,...,θn−1)
′
∈R

n

AcharacterizationofrobustSPRsynthesisforsystemswithlpparametricuncertainty
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Thel1case

•RobustnessmarginofF(s;θ)

ρF(θ)
−1

=sup
ω≥0

max
i=0,...,n−1

Ji(γΦ(ω;θ),ω)

where

Ji(γ,ω)=















|âi|ω
i
|Re[P0(jω)]+γIm[P0(jω)]|

|P0(jω)|2ieven

|âi|ω
i
|Im[P0(jω)]−γRe[P0(jω)]|

|P0(jω)|2iodd.

•AfilterF(s;θ
∗
)withguaranteedrobustnessmarginρF(θ

∗
)is

obtainedthroughthesolutionoftheoptimizationproblem

θ
∗

=argsup
θ∈ΘΦ+

ρF(θ)

AcharacterizationofrobustSPRsynthesisforsystemswithlpparametricuncertainty
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Polyhedraluncertainty:odd(even)perturbations

•Assumeonlytheodd(even)coefficientsofthepolynomialP(s)

areperturbed,i.e.,considertheuncertainset

P
(∞,1),e
ρ=

{

P(s)∈P
(∞,1)
ρ:âi=0,ieven

}

or

P
(∞,1),o
ρ=

{

P(s)∈P
(∞,1)
ρ:âi=0,iodd

}

•Theproposedcharacterizationyieldsapolynomialfilterofdegree

nwhichisasolutionoftheRSPRproblemforallρ<ρ
∗

AcharacterizationofrobustSPRsynthesisforsystemswithlpparametricuncertainty
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Polyhedraluncertainty:odd(even)perturbations

Theorem.Letρ<ρ
∗
.Then,theRSPRproblemfortheuncertain

setP
(∞,1),e
ρ(resp.P

(∞,1),o
ρ)issolvedbythepolynomialfilterFe(s)

(resp.Fo(s))ofdegreengivenby

Fe(s)=

en∏

i=1

(s
2

+2ζωe,is+ω
2
e,i)(1+δs)

nmod2

Fo(s)=(s+ε)

en−1
∏

i=1

(s
2

+2ζωo,is+ω
2
o,i)(1+δs)

(n−1)mod2

whereζ,δaresufficientlysmallscalars,and

Ω
0
e={ωe,1,...,ωe,en},Ω

0
o=

{

0,ωo,1,...,ωo,en−1

}

arethesetsoffrequenciesatwhichRe[P0(jω)]=0(resp.

Im[P0(jω)]=0).

AcharacterizationofrobustSPRsynthesisforsystemswithlpparametricuncertainty
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Conclusion

•Completefrequencydomaincharacterizationofthesolutionsof

therobustSPRproblemforlpuncertainpolynomialsets

•Theproposedcharacterizationyieldssynthesismethodsforthe

ellipsoidal(l2)andthepolyhedral(l∞,l1)case

•Thefilteroutputbytheabovemethodshasdegreeboundedby

thedegreeoftheuncertainpolynomial

•Closed-formrationalsolutionintheellipsoidalcase

•Numericalprocedureforthesynthesisofpolynomialfilterswith

guaranteedrobustnessmargininthepolyhedralcase.

AcharacterizationofrobustSPRsynthesisforsystemswithlpparametricuncertainty


