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Queuing Theory

Overview of Queuing Theory Lectures

Introduction to Queueing Systems
— Important Questions about Queueing Systems
— Components of a Queuing System

Fundamental Results for General Queueing Systems

— Terminology for General Queueing Systems

- Steady State Quantities

— Fundamental Quantities of Interest

— Basic Cost Identity

— Consequences: Little’s Law and Other Useful Relationships

Properties of Poisson Arrival Processes
— Superposition and decomposition of Poisson arrivals
— Poisson arrivals see time averages
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Overview of Queuing Theory Lectures,

continued
Queueing Systems with Exponential Arrivals and Service
- M/M/1 queue examples:  security checkpoint
_ M/M/S queue Safeway chec_kout lines
two law practices
- M/M/1/C queue Stanford post office
— Markovian queues with general state definition shoeshine shop

Networks of Markovian Queues

— The Equivalence Property examples: car wash

—  Open Jackson networks Ward’s Berry Farm
— Closed Jackson networks roommate network

Queueing Systems with Nonexponential Distributions
- The M/G/1 Queue

— Special Cases of M/G/1: M/D/1 and M/E, /1 queues
examples: McDonald’s Drive Thru

homework questions

Important Questions about Queueing Systems

= What fraction of time is each server idle?

= What is the expected number of customers in the queue? in the queue
plus in service?

= What is the probability distribution of the number of customers in the
queue? in the queue plus in service?

= What is the expected time that each customer spends in the queue? in
the queue plus in service?

= What is the probability distribution of a customer’s waiting time in the
queue? in the queue plus in service?
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Components of a Queueing System

input | customers |, ,, 414111114 | SErVice served
source queue mechanism customers
Arrival Process Queue Service Process

Components of a Queueing System: The
Arrival Process

input | customers |, ,, 414111114 | SErVice served
source queue mechanism customers

Characteristics of Arrival Process:
= finite or infinite calling population
= bulk or individual arrivals
= interarrival time distribution
= simple or compound arrival processes
= balking or no balking
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Components of a Queueing System: The

Queue
input | customers |, ,, 414111114 | SErvice served
source queue mechanism customers
Queue Characteristics:
= finite or infinite
= queue discipline:
FCFS = first-come-first-served LCFS = last -come-first-served
Priority service order Random service order

Components of a Queueing System: The
Service Process

input | customers |, ,, 414111114 | SErvice served
source queue mechanism customers

Characteristics of Service Process:
= number/configurations of servers
= batch or single service
« service time distribution
e rework
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Notation for Characterizing Queueing

Systems
/ / / /
distribution of / size of cglling
interarrival times number of population
parallel servers maximum number
distri.butign of of customers
service times allowed in system

M = iid exponential

D = iid and deterministic

E, = Erlang with shape parameter k
G/ = iid with general distribution

Notation for Characterizing Queueing
Systems: Examples

M/M /71700700 single server queue with Poisson arrivals and
exponential service times,
a.k.a. M/M/1

M/M /S/700/00 S server queue with Poisson arrivals and

exponential service times, a.k.a. M/M/S

M/M /71/C/00 same as M/M/1 with finite system capacity C

M/M/71/K/K single server queue with Poisson arrivals from
a population of K potential customers; and
exponential service times
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Terminology for General Queueing Systems

N(t) = the number of customers in the system at time t: this
includes both customers that are in the queue and being served

P.() = the probability that there are exactly n customers in the
system at time t
Note: N(t) and P, (t) are difficult to compute for

= P(N(@=n) general t. We will be mainly interested in their
values as t becomes infinite.
A, = mean arrival rate of entering customers when n customers

are in the system

K, = mean service rate for overall system when n customers are
in the system

Steady State Quantities

P, = long run probability that there will be exactly n customers in
the system
= limB, (1)
to o0
A= long run average arrival rate of entering customers

= Z |:)n/] n
n=0

For general queues, the steady state probabilities P, can be difficult to compute.
However, if the queue is a continuous time Markov Chain, then P,= ), (if a
steady-state distribution exists).
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Fundamental Quantities of Interest

,_
1

the long run average number of customers in the system

the long run average number of customers waiting in queue

,_
»
1

the long run average number of customers in service

More Fundamental Quantities of Interest

W = the waiting time in the system for an arbitrary customer (random variable)
Wq = the waiting time in the queue for an arbitrary customer (random variable)
W = the long run average amount of time a customer spends in the system

= EW)
W= the long run average amount of time a customer spends in the queue

= E(Wq)

W, = the long run average amount of time a customer spends in service
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Basic Cost Identity

Suppose each entering customer must pay money to the system. Then
the following identity applies:

average rate at which the system earns

= A x average amount an entering customer pays

Many fundamental relationships about queueing system performance can
be derived from this identity. It can be used not only to compute monetary
income rates but also to derive relationships between the fundamental
quantities we are interested in for queueing systems. For example, if each
customer pays $1 per unit time that they are in the system (i.e. either in
queue or being served) then

the average rate at which the system earns = L

the average amount an entering customer pays = W

For this example, the basic cost identity tells us:

Little’s Law

A quick diversion

A few topics | want to weave in before we proceed with Little’s Law and
its variations:

= The superposition and decomposition of Poisson processes

= Poisson arrivals see time averages

= Computing steady state-equations: rate in = rate out
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Superposition of Poisson Arrival Processes

Often the arrival process to a queue consists of multiple different arrival
processes of customers from different origins. It turns out that it is easy to deal
with such compound arrival processes when each individual arrival process is
Poisson and is independent of the others.

Suppose you have two independent Poisson arrival processes X and Y with
respective rates A, and A,. Then the combination of the two arrival streams is
also a Poisson process with rate A +A,

Why? Let T be a random variable representing the remaining time until an
arrival of either type occurs. Let T, and T, be the remaining times until arrivals of
type x and y occur. Then T = min{T,,T,}. Since T, and T, are exponentially
distributed with parameters A, and A, respectively, T must also be exponentially
distributed with parameter A, +A, Hence, the combined stream has exponential
interarrival times, and is thus a Poisson process with rate A, +A,

Decomposition of Poisson Arrival Processes

Another nice property of Poisson arrival processes allows us to disaggregate the
process into independent Poisson processes. Suppose customers arrive to our
system according to a Poisson process with rate A. Suppose that an arriving
customer is of type k with probability p,, where

n

P =1

k=1

Then the arrivals of customers of type k follow a Poisson process with rate pA.

An example: suppose arriving customers to a system balk with fixed probability
p independent of the number of people in the system. If the arrival process is
Poisson with rate A, the arrivals who stay follow a Poisson process with rate
(1-p)A. The customers who balk do so according to a Poisson process with rate

pA.
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Poisson Arrivals See Time Averages (PASTA)

The PASTA Property

For a queuing system with Poisson arrivals, an arriving customer sees the time-
average steady-state number-in-system process. In other words, the long run
fraction of customers that arrive to find exactly k customers (not including him or
herself) is given by w,.

This property is called “Poisson Arrivals See Time Averages.” It depends critically
on the assumption of having a Poisson arrival process. Suppose, instead, for
example, that we have deterministic arrival and service processes with respective

rates A and  (with A < ). empty system 1 customer

1/u UA=-Uy 1 UA=-Uy 1 /A -1/

The time-average steady-state fraction of time in which there are O customers in
the system is 1- M|, and the steady-state fraction of time in which there is 1
customers is M. But 100% of arriving customers find no customers in the system!
“PASTA” does not apply in this case because the arrivals are not Poisson.

Example: Poisson Arrivals See Time Averages

EXAMPLE: The M/M/1 queue
In an M/M/1 queue, what fraction of arriving customers have to wait? The
fraction that finds the system in any state k > O, which, according to the PASTA

property, is 1 - w, = p.
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Computing the steady state distribution:
Rate In = Rate Out

When studying CTMCs, we learned that each of the steady state equations

S
Z wq; =0 for j=0,.S

i=0

could be expressed as:

steady state rate out of state j =

q,@; = ) wq

i

= steady state rate into state j

In simple queuing systems that can be modeled as birth and death processes, the
“rate-in = rate-out” equations are patrticularly simple to write down because
transitions can only occur to adjacent states. In such cases, they are a shortcut to
writing down the steady state equations.

Rate In = Rate Out
for the General Birth and Death Process

X A A A
© @ &
2 A e
Ha Ha

i, I8

State Rate In = Rate Out

0 Ui, = Ay,

1 Aoo + How, = (A + py)w,

n-1 Analn g+ Uty = (A + U )w
n Apoa@iog + gl = (A, + 1)@,

Handout #25

February 19, 2002
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Example: Rate In = Rate Out
for the M/M/1 queue

A A A
@A@m@ )
(A 2 S 4
M M M M

State Rate In = Rate Out

0 e | = Aw

1 A o+ e, = (A + p)ow,

n-1 A o, + pw = (A + )@,

n /‘wn—1+uwn+1:(A+y)wn
Little’s Law

Handout #25
February 19, 2002
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A Proof of Little’s Law

number of people in . .
system at ime s. — number of arrvaa:Ij by time t.

L =lim> [N (s)ds F=iim QY w = gim 1§, «customeri’s
teet s tee t - Q(t) & time in system

Let A; and D; be the arrival and departure times of customer i. Then
W; =D, - A; Define the indicator function

(A <s<D) = 1if A, <s< D
(A <s=<D)= 0 otherwise
1‘ 1‘Q(t)
—|N(s)ds == I (A £s< D))ds
toj() tj( )
Q)
-1 [1(A <s<D)ds
t = 1 I
i=1 o
Q(t) Q(t)
J1g9, JQm 1 g,
t|=1 t (t) i=1
o1 Q) 1w _
[im = | N(s)ds =lim =—* W, _
:ﬁmté[ () to o t Q(t) —~ ! I:‘,> L—)\W

Other Useful Relationships

Another useful relationship can be obtained from the basic cost

identity by assuming each customer pays $1 per unit time that they
are in the queue. Then

the average rate at which the system earns = L,

the average amount an entering customer pays = W,
In this case, the basic cost identity tells us:
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Other Useful Relationships

By assuming instead that each customer pays $1 per unit time that
they are in service, we have

the average rate at which the system earns = Lg
the average amount an entering customer pays = Wy

The basic cost identity amounts to:

Exponential Queuing Models

We now show how to apply these results to queues having
exponentially distributed interarrival times and service times. These
types of queues are the most tractable mathematically.

Some of the queues we’ll look at:
M/M/1
M/M/S
M/M/1/C (finite capacity C)

Queues with more general state definition
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Exponential Queuing Models:
The M/M/1 Queue

The simplest example of a queue that has exponentially distributed interarrival
and service times is the by-now familiar M/M/1 queue. This is a queue for

which the fundamental quantities are easy to compute. We will do so and also
apply Little’s law to the M/M/1 case.

A A A
:/ t/\c < N A=A forallizo
[ Al A 7 e
H H H H

M = p foralliz1

Define p=Mp. This quantity is typically called the traffic intensity for the M/M/1
queue. We assume henceforth that p<1, in which case we know a steady state
distribution exists and is given by:

P,=w; = p/(1-p) forj=041,..

The arrival rate of entering customers is always A; therefore A=A

Exponential Queuing Models:
The M/M/1 Queue

The long run average number of people in the system can be computed using
the steady state distribution:

L=Y jP, =3 jw,=1-p)> jp’
j=0 j=0 j=0
= 1 - 7[’
G aoye
Y
(1-p)
A

(u-2)
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Exponential Queuing Models:
The M/M/1 Queue

We can also compute the long run expected number of customers in the
queue Lq using the steady state distribution as follows:

o o

Lo =Y (i-1DP; =Y (j-Da,; =

=1 j=1 i=1 i=1

™
€

|
g
_S

= L - P
= U - AL A
(u - 4) U H(u -2)
The expected number of customers in service Lg is
Ls = 0w, + Y 100, =1- w, = p::‘T
j=1

Verify that L = Lg + Ly, for this example.

Exponential Queuing Models:
The M/M/1 Queue

The distribution for the waiting time W of an arbitrary customer (in the long
run) is computed as follows:
PW <a) = 2 P(W < a|nin system when he arrives)P(nin system when he arrives)

n=0

= ) P(servicetimes of person in service+ (n —1) waiting +him <a)P,
(sum of n+1 iid exponential
© a (ut)" random variables with parameter
= Z J.,ue’”t 7Idt p"(1-p) W has an Erlang distribution with
=00 n: parameters (W/(n+1), n+1) (aka
gamma (n+1,W)

M

0

E]
il

]

O » o »

~ 0 (/‘t)n
- ut d
(h-Ae HZ::O n! t (interchanging the sum and the integral)

) /1t n
(u—-A)e MeMdt =1 - e M2 (using the identity Y % =e™)
n=0 :

So W is exponentially distributed with parameter (u—A)!
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Exponential Queuing Models:
The M/M/1 Queue

Now we’ll derive the distribution for the waiting time in the queue Wy, of
an arbitrary customer in the long run. Since an arriving customer who find
no customers in the queue has no wait, PW,=0)=PF,=1-p

PW,>a)= Z P(W, >a|nin system when hearrives)P(nin system when he arrives)
n=1

= Z P(service times of person in service + (n —1) waiting >a)P,

=3 Juen Ediprap)

Se (n=2) W, is not tiall
A L-A) e (A o is not exponentially
= f%e " ﬁdt distributed, but the
2 n=1 ’ conditional distribution of
_ J‘/\(IJ‘/\) e et W, given that Wo>0, is!
2 To see this...
= pe-tu-ha PW, >a|W, >0) = PWq>a) _ o-(u-Da
PW, >0)

Exponential Queuing Models:
The M/M/1 Queue

Let’s now compute W, the expected time a customer spends in the system,
first using Little’s Law:

It is easy to verify that we get the same result by taking the expected value of W.

Using Lq =A W, we can compute the expected time a customer spends in

the queue:
L L
W = Q_ Q_ _ 0-—= —
° x Y (= A) A “(p = A)

Verify by taking the expected value of W, !

A2 1 A

The expected time a customer spends in the service is:

L A1 1 .
= == - - - — obvious!
Ws P u A u

Evidently W = W + W, for this example.



MS&E 121 Handout #25
Introduction to Stochastic Processes & Models February 19, 2002

The M/M/1 Queue: Example

EXAMPLE: Security Checkpoint

Airline passengers must pass through a security checkpoint consisting of a
metal detector and carry-on luggage x-ray machine. Suppose that
passengers arrive according to a Poisson process with a rate of A=10
passengers per minute. The security checkpoint clears customers at a rate of
p=12 passengers per minute, with exponentially distributed clearance
times. What is the probability that a passenger will have to wait before
being checked?

5
PWy,>0)=pe’=p= 5 (or equivalently 1- P(W,=0) = p)

On average, how many customers are waiting in line to be checked?

L. = A2 _ 100 _ 25
Q 7 wu(m-2A) 12(12-10) 6

On average, how long will a customer be detained at the checkpoint?
1

W———l—minute
T oou - A2

The M/M/1 Queue: Example

EXAMPLE: Security Checkpoint, continued

The airline in question wants to determine how many checkpoints to operate
to minimize the costs associated with operation and customer delays. They
estimate the cost of delaying a customer 1 hour to be $4. It costs $100 per
hour to staff and operate a checkpoint. Assume that a passenger is equally
likely to enter each checkpoint.

Let n be the number of separate checkpoints. Then a given passenger goes to
any particular checkpoint with probability 1/n. We can model each of the n
checkpoints as a separate M/M/1 queue with a Poisson arrival process
having rate A/n. For any particular checkpoint (say, checkpoint i), the
average number of customers present is

L= A In _ A _ 10

! “ - (A /n) “n - A 12n -10

The expected average cost of operation plus passenger delays per hour that
the airline faces when they have n checkpoints open is then

4 n
12 n - 10
where L represents the average total number of people at all checkpoints.

F(n) =120 n+ 4L =120 n + 4(nL ,) =100 n +
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The M/M/1 Queue: Example

EXAMPLE: Security Checkpoint

To find the optimal number of checkpoints to operate, we need to find the
minimum of the function F(n).

40n
F (n) = 100n + I?TF_?_I?T
400
Fr(n) =100 - oo+
9600
Fo = — 2227 5
(M) = T2n-10)°

Clearly the function F(n) is convex, so to find its minimum we need only to set its
derivative equal to zero.

F'(nN)=0 « (12n"-10)?2=4 o n" = 1

Since we must have at least one checkpoint, the optimal number of checkpoints is 1.

Exponential Queuing Models:
The M/M/S Queue

Another important example of a queue with exponentially distributed interarrival

and service times is the M/M/S queue. For this case we’ll now compute the
fundamental quantities and apply Little’s law.

A A A A
@)\@/—\ W@_\ A = A foralliz=o0
L A [ A
H 2p ) SH Su H

v/ M = umin{S,i} foralliz=1
(SHp S

Define p=A/Sp as the traffic intensity for the M/M/S queue. To ensure the existence
of a steady state distribution, we assume that p<1. In this case:

Po = wo = (L+ K)™* where
s-1 i s -1
i A A A
] = —
A ek rerjes KEX oty 5(1 j
_ _ jlu! iz 1P H ‘H
Pi=w;= 2l . _
sisie T er s

Again the arrival rate of entering customers is always A; therefore A = A.
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Exponential Queuing Models:
The M/M/S Queue

We can compute the long run expected number of customers in the queue
Lo Using the steady state distribution as follows:

o 3 A i
Ly = Z:S(j -S)P, = (1+ K)'lz:s(j _8)7(3!/3@3

s (A /)
(1+ K) ‘:0| SIS

M)
= (1+ K)'l( é‘f) Zoip'
LA/ ) p

S (1-p)?

= (1+K)

Now we can apply Little’s law and our other identities to compute:

W, = Lo /A W = W, + (1/4) L= AW

M/M/S Queue: Example

EXAMPLE: Safeway Checkout Lines

Safeway is trying to decide how many checkout lines to keep open. An
average of 18 customers arrive per hour according to a Poisson process and
go to the first empty checkout line. If no checkout line is empty, suppose that
arriving customers form a single line to wait for the next free checkout line.
The checkout time for each customer is exponentially distributed with mean 4
minutes. It costs $20 per hour to operate a checkout line and Safeway
estimates that it costs them $0.25 for each minute a customer waits in the
cash register area. How many registers should the store have open?

The number S of registers open should certainly be enough to ensure that
A/Su < 1; otherwise the queue will explode. This is true only if S > A /u
=6/5. Since we can only have an integer number of servers, we require S to
be at least 2.

Now we want to determine the optimal number of servers; i.e., the number
that minimize Safeway’s total costs. We need to compute the expected costs
incurred per hour.

First we consider the alternatives of either having 2 or 3 checkout lines open.
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M/M/S Queue: Example

case a: two checkout lines
If there are 2 open checkout lines, then we plug S=2, A =18 and ¢ =15 into the
formula for K: s-1 i

s -1
K = Z ; Pt / s(l_ A ]
sl N7} Slu Su
and obtainK = 3. Then we can compute L, from:

)t A/u)s p

A
SI (1-p)°? (Recall p=§)

Lo = (1+K
which yields L, = 0.675. From this we compute
Wq, =Llo /A = Lo /A = 0.675/18 = 0.0375

From this and the fact that W = W, + (1/}), we find that the average length
of time a person waits in the register area is W = 0.104 hours, and the average
number of people in the register area isL = AW = AW = 1.8738.

Since each open checkout line costs Safeway $20 per hour, and each hour that a
customer waits costs $15, the expected average costs per hour are
$20S + $15L = $68.11

M/M/S Queue: Example

case b: three checkout lines
If instead there 3 servers, then after some arithmetic we find

K =264

L, = 0.0879
W, = Lo /A = Lo /A = 0.0879/18 =0.0049

W =W, + (1/) = 0.0716 hours
and _
L=AW =AW = 1.2888

The expected average costs per hour in the 3 server case are
$20S + $15L = $79.33

The additional cost of the third checkout line exceeds the benefit of shorter
lines, so two checkout lines is preferable to three. In fact, 2 is the optimal
number of checkout lines. (Why?)
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Exponential Queuing Models:
The M/M/1/C Queue

Now let’s consider the variation on the M/M/1 queue in which the system has
capacity C. In this type of queue, customers that arrive and find C people in the
system leave. The birth and death rates are:

A=A fori=0,1,..., Cc -1

A =0 fori=C

M, = pu fori=12,...,C

Once again we let p = M. Since the queue is finite, a steady state distribution
exists regardless of whether p<1, and can be derived using Theorem 2 from
CTMC:s. If p<1,then the steady state distribution is:

1 ; .
PJ-:(UJ:WpJ fOszo,l,...,C
(The case p=1is left as an exercise for the reader.)
The average arrival rate of entering customers (when p<1) is then:
- [

A=Y A,P, = AP, =X (1-P.)
j=o0

1-p 1-p°¢
Tt ) = ()

1
p)
- N o
=
|
=

Exponential Queuing Models:
The M/M/1/C Queue

The long run average number of people in the system (when p<1) is:

C
L= jpP =
“

j=0

TMO

. 1-p <
w, = — i
Jwy =T ey e

_l-p v d
—1_pc+1;0pdp(p)

_1-p o d [ ]
—1_p0+1pdp[§0p
1_p L(l_pc+lj
1_pc+1pdp 1_p

p__(C+1p°
1_p 1_pC+1




MS&E 121

Introduction to Stochastic Processes & Models

Exponential Queuing Models:
The M/M/1/C Queue

The expected number of customers in the queue L, is:

Lo =3 (I-DP, =3 (i-De, =3 jo, -3 o

j=1 j=1

=L -(1-w,)
The expected number of customers in service Lg is

C
0w, +» 1w, =1- w,

i=1

Ly =

Handout #25

February 19, 2002

Clearly L = Lg + Ly, for this example.

From Little’s law and the other identities, the quantities W, Wg, and W are
easily derived. B
Wq = Lo ZA

W=W,+ (@) L= AW

The M/M/1/C Queue: Example

EXAMPLE: Two Law Practices

Consider two San Francisco lawyers. Lawyer 1 works with only 1 client at a
time. If a second client asks for his services while he is helping the first, he will
turn that client away. He charges $20,000 per client regardless of how long the
client’s case takes. Lawyer 2 also helps only one client at a time, but he never
turns away a client. Clients queue up to wait for his services. He charges the
client he’s working with a daily rate of $300 per day.

Each lawyer receives inquiries from prospective clients according to a Poisson
process with rate A=0.01 per day. Also, for each lawyer, the time to finish a
case is exponentially distributed with mean 50 days.

Which lawyer makes more money?

We use the basic cost identity to determine the (long-run) average daily income
of each lawyer:

average rate lawyer earns = X x average amount an accepted client pays
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The M/M/1/C Queue: Example

EXAMPLE: Two Law Practices

Let Xi be the average arrival rate of clients and F; be the average daily income
of lawyer i, i=1,2.

— - C
Since we know for an M/M/1/C queue 1 = A ( %}
we have for lawyer 1: P

X, = A(1-Py)= 4 [11_‘/)”2) =) [lfp] = (ﬁ,ﬂfﬂj - (%055

F,= A, x $20,000 = $133.33 per day

Lawyer 2’s system is an M/M/1 queue:
F,= A, x ($3007) = A x ($300/) =$150 per day

Lawyer 2 makes more money.

Exponential Queuing Models with More General
State Definition

In all of the examples we have seen so far, we defined the state of the system to be
the number of customers in the system. This worked because in these examples, the
rate of departure from the system was dependent only on the number of customers
in the system. For example, in the M/M/S server queue, if the number of people in
the system is j>S, all servers are busy and j-S people are in line. If j<S, then j
servers are busy. Since all servers are assumed to be indistinguishable, we do not
care which j servers are busy.

In some service systems, we may have multiple nonidentical servers. In such
systems it is not sufficient to define the state as simply the number of customers in
the system. The departure rates from the system depend on which specific servers
are busy. We now consider two examples of exponential queues in which an
extended state definition is required. We will see that all of the techniques for
analyzing CTMCs and standard exponential queues still apply.
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Exponential Queuing Models with More General
State Definition

EXAMPLE: Stanford Post Office

Suppose the Stanford post office has 2 employees working at the counter, one
faster than the other. Customers arrive according to a Poisson process with rate A
and form one line. Assume there is room for at most 4 customers in the Post Office.
Server 1 has service times that are exponentially distributed with rate p, and server
2 completes service in times that are exponentially distributed with rate p,. When
both servers are free, arriving customers choose the faster server.

How do we define the number of people in the system in this problem? If there are
2 or more customers in the system at a particular time, then we know both servers
are busy. If there are no customers in the system, then no servers are busy. But if
there is exactly one customer in the system, which server is busy? We need to

distinguish between the two possibilities in that case.
Define states of the process to be:

0: no customers present

(1,0) : 1 customer present, being served by server 1
(0,1) : 1 customer present, being served by server 2
n: n customers present, n=2,3,4

Exponential Queuing Models with More General
State Definition

EXAMPLE: Stanford Post Office, continued

ity HatHp

0 [-4 A 0 0 0 0
WO)| # ~(A+m) 0 A 0 0
(0] 4, 0 — (A +4y) A 0 0
Q= 2 0 H H _(/‘+/j1+/-12) A 0
0 0 0 (/11+/—12) Y U, +/12) A

4|0 0 0 0 (4, + 1y) = (uy + 1)
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Exponential Queuing Models with More General
State Definition

EXAMPLE: Stanford Post Office, continued

0=-1PR, + /11P(1,0) + U, P(0,1)

0= AR, — (A +u,) P(Lo) +U,P,

0= % +/12)P(o,1) + i, P,

0= AP0y +APoy — (At +u,)P, +(Uy tH,) Py

0= Apz_(A +}11+[12)P3+(/.11 +1uz)P4
0= APy = (py + 13) Py

1=PFy +Pyo +Poy +P, +P; +P,
Suppose A= p,=1 per minute and p,=2 per minute. In this case, solving with Matlab
gives us:

(Po.Paoys Pioays Poy Py, P,) = (05294, 0.2118, 0.1059, 0.1059, 0.0353, 0.0118)

Exponential Queuing Models with More General
State Definition

EXAMPLE: Stanford Post Office, continued

From the steady state distribution, we can answer a number of interesting questions:
(1) What proportion of time is each server busy?

server 1’s proportion of busy time is P, + P, + P; + P, =0.3647
server 2’'s proportion of busy timeis P, + P, + P; + P, =0.2588

(2) What is the average number of customers in service at the Post Office?
L=00P, +1(Py + Poyy) +2(P, +P, +P,) =0.6824

(3) What is the average time a customer spends in service at the Post Office?
I
w

A(Py + Py + Py + P, +Py) =1(1 -P,) =0.8941
L/A =06824/08941=0.7632 minutes
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Exponential Queuing Models with More
General State Definition

EXAMPLE: Shoeshine Shop

Consider a shoeshine shop with 2 chairs. An entering customer goes to chair 1 to
get his shoes polished. When the polishing is done, he will either go on to chair 2
to have his shoes buffed if that chair is empty, or else wait in chair 1 until chair 2
becomes empty. A potential customer will enter the shop only if chair 1 is empty.
Potential customers arrive according to a Poisson process with rate A. The service
time in chair i exponentially distributed with rate y; for i=1,2.

We'd like to know:

(1) What proportion of potential customers enter the shop?

(2) What is the mean number of customers in the shop?

(3) What is the average amount of time an entering customer spends in the shop?
The state of the system must include more information than simply the number of

customers in the shop, because the arrival and departure rates depend on where
in the shop the customers are.

Exponential Queuing Models with More
General State Definition

EXAMPLE: Shoeshine Shop, continued

Define states of the process to be:

0: no customers present

(1,0) : 1 customer present, in chair 1

(0,1) : 1 customer present, in chair 2

(1,1) : two customers present, both being served

(b,1) : two customers present, but the customer in chair 1 is
waiting for chair 2 to become available

@0

ST, l“
%

Ho

;

[y

:
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Exponential Queuing Models with More
General State Definition

EXAMPLE: Shoeshine Shop, continued
The transition rate matrix for this process is

0 [-4 A
1.0) ks H
Q=01 - (A + ) A
(111) H, - (/11 + :uz) 2
(b1) 1 - 1,

which yields the steady state equations.
0=-2AP, + 4, Pl
0=AP- HiPaoy + Uy Py
0=t Pyoy = (A +1,)Poay + 1, Py
0= /‘P(O,l) - (U, + 1y) Paa)
0= Py = Uy Py
Po* Py * Puoy * Py * Py =1

Exponential Queuing Models with More General
State Definition

EXAMPLE: Shoeshine Shop, continued
We are particularly interested in what proportion of potential customers enter
the shop:

P, + P(O‘l)

the average number of customers in the shop:

L =Poy * Pao *2(Puyy + Puyy)

as well as the average time a customer spends in the shop:

— Py ¥ Puoy *2(Puyy + Pyyy)
A(Py + Poy)
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Exponential Queuing Models with More
General State Definition

EXAMPLE: Shoeshine Shop, continued
Let’s suppose that the arrival rate A=1 customer per minute. Consider first the

case that u,=1 and p, =2, i.e., the server for chair 2 is twice as fast. In that
case, the steady state equations are:

Po = 2Pwy Solution:
Puoy = Po + 2P, o - 12 b _ 16
3P0,y = Puaoy + 2Py °T 37 9 737
_ 6 2
P(O‘l) - 3P(lv1) P(0‘1) = ﬁ, P(1,1) = ﬁ
Pan = 2Py 1
P,y = ——
Po+ Pogy + Puoy * Pugy + Ppyy =1 oD 37
From the steady state distribution, we can answer our questions:
. . . 18
(1) the proportion of potential customers entering the shop = P, + P, ,, = 37
22 3 28 L 28 37 _ 14
2) L==—+2(z2) = == 3w = — - -5 3 22
() 37 (37) = 37 (3) A(P, +P,,) 37 18 9

Exponential Queuing Models with More
General State Definition
EXAMPLE: Shoeshine Shop, continued

Now suppose that p,=2 and p, =1, i.e., the server for chair 1 is twice as fast.
In that case, the steady state equations are:

Po = Py Solution:
2Py = Py + Py p = i p - 2
2Py = 2Py, + P T et
(0.1) (1,0) (b.1) 3 1
P(O,l) = 3P(1.1) Poy = 11’ Pay = 11
2Py4 = Py p - 2
= e 11
PO + P(O,l) + P(l,O) + P(l,l) + P(b,l) - 1
(1) the proportion of potential customers entering the shop = P, + P, = 16—1
5 3 _ L _q 1111
(2 b=qyrap =t A N S

Having the server for the second chair server be faster leads to loss of more potential
customers, but shorter average waits and fewer customers in the shop on average.
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Networks of Markovian Queues

Queueing systems often provide more than a single service. Many real-
world systems involve customers receiving a number of different services,
each at a different service station, where each station has a queue for
service. We can model systems of this kind using networks of queues.
There are two types of queueing networks: open and closed. An open
queueing network is one in which customers can enter and leave the
system. A closed gueueing network is one in which there are a fixed
number of customers that never leave; new customers never enter.

We will be concerned with networks of Markovian queues called Jackson
networks. These networks have exponentially distributed service times at
each service station and exponentially distributed interarrival times of new
customers. The sequence of stations visited is governed by a probability
matrix. We’ll consider first open and then closed Jackson networks. We’'ll
start off with an important result that will help with the analysis.

The Equivalence Property

The Equivalence Property

In an M/M/S queue which is positive recurrent (i.e., A < Sp),
the steady state output of the system is a Poisson process with
the same rate as the input process. Note: S may be infinite.

S servers,
Poisson each with Poisson
arrivals — service departures
with rate A times with rate A
~exp(H)




MS&E 121
Introduction to Stochastic Processes & Models

Open Jackson Networks: Example

Example: Car Wash (a tandem network)

wash
A‘M;u.u_, (1 server)

K,=60/hr A

wax
(1 server)
M,=457/hr

From the equivalenée principle, the departure

process of the wash station is a Poisson process

with rate A=30/hr in steady state. Thus, in
steady state both stations are effectively
M/M/1 queues with arrival rate A=30/hr.

Open Jackson Networks: Example

Example: Car Wash, continued

Handout #25
February 19, 2002

In order to analyze this system, we need to keep track of the number of cars at
each station. Thus our state definition is a vector with 2 elements X(t)=(n,, n,)

where n, represents the number of cars being washed or in queue to be

washed and n, represents the number of cars being waxed or in queue to be

waxed.

Even for such a simple network,
the rate diagram is a mess.

We would like to find the steady state
distribution ‘*):{(*)nl,nz} for X(t)=(n,, n,). To
do this we would need to solve the system
wQ=0, we=1. But the Q matrix is difficult
to write down.To make our lives easier,
recall that the equations wQ=0 simply
state that the rate into any state equals
the rate out of that state.
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Open Jackson Networks: Example

) A A A
ar" an"
Example: Car Wash, continued @ @ ;)
1 il B H
UZT Ko M K

0 1 v T}

“Vx‘é/é“i ;T%i

The equations wQ=0 are given by @

state rate out = E réte in E E
(0,0) Ao o

nl,O); n,>0 A+ Hl)%l,o

(
(0.n,); ;>0 A+ U)o,
(N1 Nn>0 (A + Py + )Wy, o,

sznl,nzﬂ + ulwn1+1,n2-1+ A%l-l,nz

To compute the steady state probabilities © > >

Poyn, = Wy, WE Must solve the above ZO ZO Pon, = ZO Zownl,nz =1
’ n=0n,= n=

n1,n2 n,=

equations along with

Open Jackson Networks: Example

Example: Car Wash, continued

Rather than solve the steady state equations directly, let’s guess at a solution.
First, by the equivalence principal, we know station i is an M/M/1 queue with
arrival rate A and service rate p;. Assuming p,= My, <1 for i=1,2, we know

A" p)
P(n, at wash station) = (7) (l— 7) = pl"l(l— pl)
H H

A" p)
P(n, at wax station) = (/T] [1— /Tj = p,2(1- p,)

2 2

Now, if it were true that the number of cars at the wash and wax stations at
any time were independent random variables, then we would know that

P..n, = P(n, at wash station and n, at wax station)

n.n

= P(n, at wash station) P(n, at wax station) = p"(1-p,) 5? (1 - p,)
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Open Jackson Networks: Example

Example: Car Wash, continued
As it turns out, our guess is correct. Verify for yourself that o, , =P, . given by

Pnl‘n2 = p1n1(1 - p1)pzn2 (1 - pz)

satisfies the steady state equations

state rate out = rate out

(0,0) APy = MoPo 1

(n3,0); n;>0 A+W)P o = MoPp g + AP ag

(0.n,); n,>0 A+ 1) Py, = MoPon, +1 F HaPip, 1
(n,ny);Nn>0 A+ + )P = MoPrnos1 ¥ MaPovin, 2+ APoian,

and }’

w
n =0

z Pnl,n2 =1
n,=0

Open Jackson Networks: Example

Example: Car Wash, continued

The result Pon, = P (1= p) P2 (1= p,)

is called the product form solution for the steady state distribution of the state
of the queueing network.

What is its significance? It tells us that the numbers of cars at the wash and wax
stations at any given time are, in fact, independent random variables!

This result depends heavily on the fact that the queue in front of each station has
infinite capacity. If not, the numbers of cars at the two stations would not be
independent.
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Open Jackson Networks: Example

Example: Car Wash, continued
The product form solution of the the steady state distribution makes it easy to
calculate the expected number of cars in the system:

o © o

L= Z_OZ (nl + nz)Pnl.n2 = z Z (nl +n2)p1n1(l _,Dl)pzn2 (1 _pz)

n,=0 n,=0n,=0
o

=2 e (A-p)Y p(A-p,) D N (1-p,)2 P - p)
n;=0 0

n, =0 n,=0 n=

o ©

Donp(l-p) + Y n,p0 (1= p,)
0

n,=0 n; =

p 12
SO T e T
- PP
1-p, 1-p,
S S — Notice that this equals the sum of the expected
é’a - Aso Ho = A numbers of cars at the two stations, respectively.
= E + E =

Open Jackson Networks: Example

Example: Car Wash, continued

Using this last result and Little’s Law, we can compute the average time a car
spends at the car wash:

we it - t__t+ 1 Notice that this equals the
A A Hy = A, =4 sum of the average time a car
1 1 1 _ . spends at each of the two
= —+—=——"hour =6 min . .
30 15 10 stations, respectively.

What made the computation of L and W easy in this example was the product
form solution of the steady state distribution. It turns out that there is a much more
general framework under which a product form solutions are available. These are
called Jackson networks.
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Open Jackson Networks

GOpen Jackson Network is a network of m service stations, where \

station i has

(1) an infinite queue

(2) customers arriving from outside the system according to a Poisson
process with rate a;

(3) s; identical servers, each with an exponential service time distribution
with rate

(4) the probability that a customer exiting station i goes to station j is p;;

(5) a customer exiting station i departs the system with probability 1 - z T=1 Pi;

Open Jackson Networks: Example

Example: Ward’s Berry Farm

1: Strawberry Field 2: Berry Weighing
(self-service) _ Station
W, =2/hr 1 server
_ P P1o=1 0.6
a, =10/hr f‘a CLopyat 2 S 1111 Y, =60/hf P24 =0.

‘a‘d 4'.2. O /
/ p,,=0.1

. P, =0. 4: Cashiers
3: Farmstzfmd 23 3 servers
(self-service)
|:| My =20/ht
= =0.

Recall from homework: self-w» My =6/hr Pas e I:I
service is effectively equivalent
to having infinitely many servers. m‘ D




MS&E 121 Handout #25
Introduction to Stochastic Processes & Models February 19, 2002

Open Jackson Networks: Traffic EQuations

Define:

A; = total arrival rate to station i
(including external and internal arrivals)

The values {A;, i=1,2...,m} must satisfy the following equations:

A=a +) Ap, fori=12,..,m

i=1
.7
total arrival f ) AN _
rate into  external arrival total arrival rate
stationi rate into station i from other stations

Traffic Equations for Open Jackson Networks

A =4 +Z/1jpji fori =1,2,....m
j=1

Open Jackson Networks: Example

Example: Ward’s Berry Farm, continued
In this example, our traffic equations look like:

A =a, +2 A;p, =10 +(01)A,
j=1

Az :a2+zAjpj2 = /]1
j=1

Ay=a,+ 2 A;p,; =30 +(0.3)4,
j=1

Ae=a,+2 Ap, =(06)A, + (0.9)4,
j=1

Solving these simultaneously gives us: A=A = 100
1 2 9
3 100 100
= +— = —
4. =30 10 9 3

6100 9 100 _ 110

= 4+ - =
A 10 9 10 3 3
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Open Jackson Networks:
The Product Form Solutions

The state of the system is a vector of length m:

X(t)=(n,, n,,ng,...,n,) means n, customers at station 1,
n, customers at station 2,

Ny, customers at station m.

It turns out that if A, /s;i; <1 for each station i=1,2,...,m, then, as in the
car wash example, the steady state distribution has a product form
solution:

Product Form Solution for Open Jackson Networks

= P(n, at station 1, n, at station 2,... n, at station m)
= P(n, at station 1) P(n, at station 2)--- P(n,, at station m)

Open Jackson Networks: Example

Example: Ward’s Berry Farm, continued

To determine the steady state distribution for the entire network in this example,
we first recall what we know about the M/M/1, M/M/3 and M/M/~ queues to
determine whether each of the 4 stations has a steady state distribution of its own:

stations 1 and 3 have steady state distributions because the M/M/ queue
always does!

station 2: A, =(100/9) < p, =60 =>station 2 has a steady state distribution

station 4: A\, =(110/3) < s 1, =3(20)=60 => station 4 has a steady state
distribution
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Open Jackson Networks: Example

Example: Ward’s Berry Farm, continued
We compute each station’s own steady state distribution using what we already
know about the M/M/1, M/M/3 and M/M/x queues:

A i
P (j at station 1) = %e-h/m

P(jatstation 2) = (1= A, /u,)(A, /i)’

A j
P (j at station 3) = %e‘h/m

i

%(u K)™* foros<j<3
j

7(A34I/3‘ff3) (L+ K) ‘forj = 4

% (A /)t (A /uy)? 1
where K = 3, == T (1—(A4/3u4))

P (] at station 4) =

Open Jackson Networks: Example

Example: Ward’s Berry Farm, continued
We express the steady state distribution of the entire network in product form:

ny.n,,ng.n,

= P(n, at station 1) P(n, at station 2) P(n, at station 3) P(n, at station 4)

= Me‘wl L= A /1) (A o)™

n,!
A M
(A /p1y)™ %(HK)-1 ifo<n, <3
]73n I3 efAs/ﬂs ; ;‘4' o
3 Au/HD™ L k)t e, > 4

313m°3
This looks cumbersome but is easily evaluated for any particular state vector
(N1, Ny, Ng, N,). An example is (ny, Ny, Ng, N,) = (0,0,0,0):
Poooo=e @ =-2,/u,)e /M @+ K)™?
= e -5.556 (1 - 0.185 )e -5.556 (1 +7 .11)—1
=1.4962 x10 ~°
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Open Jackson Networks

Steps to Analyze an Open Jackson Network

(1) Solve the traffic equationsA = a, + 2, A;p; fori =12,....,m \
j=1

(2) Check that A; < s;; for each station i=1,...,m.
If NO, the number of customers in the network blows up,
so there is no steady state distribution.
If YES, go to step 3.

(3) For each station i, calculate the steady state distribution @' = (w;, o, & ,...)
for an M/M/s; queue with arrival rate A; and the service rate ;.

(4) The steady state probability that there are n, customers at station 1,
n, customers at station 2,...., n customers at station m is just

Pon,.n, = P(ny at station 1) P(n, at station 2)--- P(n,, at station m)
= w, Wl B

Open Jackson Networks

In the special case that all n stations have a single server (s;=1 for all i) then
the analysis is particularly easy:

(1) Solve the traffic equations A =a, +> A,p; fori =1,2,...,m
j=1

(2) Check that p; = A/ <1 for each station i=1,...,m.
If NO, there is no steady state distribution.
If YES, go to step 3.

(3) For each station i, the steady state distribution @' = (w;, o, d,...)
for an M/M/1 queue with arrival rate A; and the service rate , is:

w; =(1-p)p)’

(4) The steady state probability that there are n, customers at station 1,
n, customers at station 2,...., n_ customers at station m is just
Poinyony = @o Do a = (1= g)( @)™ Q- )R (1= R)R)™
m

=[] a-pie)"
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Open Jackson Networks: Example

Example: Ward’s Berry Farm, continued
Ward’s Berry Farm makes, on average, $15 per hour that a single customer
spends picking berries. What is their average hourly income from the berry field?

It’s
$15 L,
where
L, = le = 100/29 = 5.56

Thus, their average hourly income from the berry field alone is $83.40.

Open Jackson Networks: Example

Example: Ward’s Berry Farm, continued

What is the average number of people at Ward’s Berry Farm at a given
point in time in steady state? By the product form solution for Open Jackson
Networks, we know the answer is

L=L,+L,+Ly+L,

where L, is the average number of people at station i in steady state.

|_1 = /‘71: 10079 = 5.56

Hy 2
L, = A, _ 100 /9 -

(H,-A,) (60 -(100 /9))
L, = As _ 1008 _ o o

Hs 6

- 2 (A u)? p - p) p)
L, =(1+K,) : 4 4 4 =.20 = 4 = 4
. B 3 TEWRE where p, Su.  3u.

L=L,+L,+L,+L,=11.6
is the average steady state number of people at the farm.
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Open Jackson Networks: Example

Example: Ward’s Berry Farm, continued

What is the average duration time a visiting customer spends at the farm?
It turns out we can’t just add average times they spend at each station,
because the customer doesn’t necessarily visit each station exactly once.
Instead, we can just use Little’s Law:

L =AW

where A represents the average total external arrival rate to the entire
system, i.e.,

A =a +a,+a,+a, =10 + 30 = 40

So a visiting customer spends, on average,

W =L/A=11.6/40 = .29 hours at the farm.

Closed Jackson Networks

ﬂclosed Jackson network of queues is a network with a fixed \

number n of customers and m service stations, where station i has

(1) an infinite queue

(2) s; identical servers, each with an exponential service time distribution
with rate

(3) the probability that a customer exiting station i goes to station j is p;;

(4) no customers exiting the system, i.e., > Jm:1 Py =1

\f) no arrivals of customers from outside the system /
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Closed Jackson Networks

As in the open network case, we let
A; = total arrival rate to station i
where this time there are no external arrivals.

Now the values {}A;, i=1,2...,m} must satisfy:

Traffic Equations for Closed Jackson Networks

A= Ap; fori=12,....m
=1

D A=1

i=1

Closed Jackson Networks

Steps to Analyze a Closed Jackson Network

I
58

Ms
i

(1) Solve the traffic equations A = X" A;p; fori=12,...,m,
j=1

If a solution exists, go to step 2.
If not, there is no steady state distribution.

(2) For each station i, calculate the steady state distribution w' = (w}, o, d,...)
for an M/M/s; queue with arrival rate A; and the service rate ;.
(If A; exceeds b, and s;=1, then it's okay to use the steady state
distribution anyway.)

K continuedy
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Closed Jackson Networks

Steps to Analyze a Closed Jackson Network

v

©)

The steady state probability that there are n, customers at station 1,
n, customers at station 2,...., n,, customers at station m is just

0 if n,+n,+...n, #n
1 2 m
wnl l:b.)nz Ny |f n + n + n -n
Pnl,n2 ,,,,, N = (4)1 [b_)z a)m 1 2 N
J1 J2 Im
J2 e m20

Closed Jackson Networks: Example

Example: Roommate Network

Suppose that between yourself and your two roommates, you own 2 Gameboys.
When you get your hands on one, you tend to use it for a time that’s exponentially
distributed with mean of 1 hour. When you’re tired of it, you give it to your
roommate Barbara with with probability 0.8 or your other roommate Joyce with
probability 0.2. The lengths of time that Barbara and Joyce keep a Gameboy is
exponentially distributed with mean of 1.5 hours and 2 hours, respectively.
Barbara will always give the one she’s been playing with to you when she’s
through, whereas Joyce give it to you only 60% of the time; the rest of the time
she’ll let Barbara have it next. What'’s the probability that each of your roommates
has Gameboy, but you don’t?

Barbara
(W,=2/3)

Joyce

P3;=.6 (u3:1/2)

P21=1

1
p;,=0.8 You p13=0.2
(W=1)

2 % ; \ 3

P3=-4

~

/
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Closed Jackson Networks: Example

Example: Roommate network, continued
(1) First we solve the traffic equations to obtain the arrival rates are each *

m

A= Ap; fori=12,..,m,

j=

A =1

™=

=1

Handout #25
February 19, 2002

‘station”:

Joyce

Ay = A, +(0.6)A, P1=0 (:;li) w‘.z
Az = (0.8)4, + (0.4)4, Bargara/ \ v
A3 = (oz)Al (“2=2/3) p,,=1 P,=-6
AL+ A, +A;, =1 -
The resulting arrival rates are: _ 25 22 5

M= AT AT 5y

Closed Jackson Networks: Example

Example: Roommate network, continued

(2) We now calculate the steady state distribution for each station i by

(1s=172)

modeling it as an M/M/1 queue with arrival rate A; and the service rate L.

j
station 1 (you): w; = (g)(g)

]
station 2 (Barbara): w? (;zj ( ;’;’j

]
station 3 (Joyce): «; (%) (3)

(3) Now we want to compute the steady state probability that each of your

roommates has a Gameboy. This probability is denoted by Py , ,
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Closed Jackson Networks: Example

Example: Roommate network, continued

The steady state probability that there are n, Gameboys with you, n,
Gameboys with Barbara, and n, Gameboys with Joyce is

0 if n,+n,+n, #2
1 2 3
©n, HHon, L, if n,+n,+n, =2
P"1v”2v”3 = Z C()jl1 Eb)fz DC()J33 ! 2 3

j1:d2.0520
Jit i+ is=2

i . 1 2 3

Let’s first compute the denominator: > w) ! Dw)
e
b

Closed Jackson Networks: Example

Example: Roommate network, continued

Handout #25
February 19, 2002

There are six feasible combinations of indices (j,, j,, j;) that appear in the sum,

namely those satisfying j, . j, j, 20, j,+ j, + j, =2

2

Gl

(jla j21 13) w jll [h)lzz Dwi
1,,2 3_(£j(£jz(£ (ﬂj we’re using:
(2,0,0)| @2 % ={55){52) (52/\52
w-BEEE
(0,2,0)| %@ ={5)(52)\52) |52 i \s2
- (DA .
(0.0,2) w°w°w2_(52 52/\52)\52 wf:(ﬁ
1.2 .3 _ E E g g £
(1,1,0)| @y ‘(52)(52)(52)(52)(52) w3:(42
1.2 5 _ (27)(25)(19)(42)(10 ! 2
(1,0,1)| @@ ‘(52)(52)(52)(52)(52)
1 3_(27J(19J(33)(42J(10J
0,1,1)| @@ ={55)55) 52/ 52/ 52
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Closed Jackson Networks: Example

Example: Roommate network, continued

N o
o N

N
~—

1 2 3 1,23 _[27)(25 2(& (ﬁ)
jlvj;:az%)“ Hoj, Do, = @, 00 o _(52)(52) 522 52
11, ¥ig=2 L. s (27)(19)(33)%( 42

+ wiora=()(5)(5) (&

v wiofer - (21)(22)(£2)(20)
0 00')2 5 52
19)

N o1
~N N

N a1
~N N
~—

a1
N
~—

B o o
© N
~—

a1
N
~—

1 2 3 -
+ W W, W=

» O
NN
~—

TN TN TN TN N
N
o N
~—

(
(
 oteres |
(
(

w 0
w N
~——

alhd 0
N

~—
I/
[
N O
~—

1 2 3 _
+ Wi’ W =

=0.1824

Closed Jackson Networks: Example

Example: Roommate network, continued

0 if n,+n,+n; #2
w! w? 0w’
T if n,+n,+n, =2
P"1v”2v”3 - Z C()jl1 Eb)lzz DC()J:Z ! 2 3
j1:dp. 0320

Jitia*is=2

Handout #25
February 19, 2002

The probability that each of your roommates has a Gameboy and you don’t is

w; Dw! Ow} _0.0187
Y wl w? Dw? 01824

ji.d2.1320
Jit iz *is=2

= 01025

Pois =
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Queuing Models with Nonexponential Service
Distribution

The exponential distribution is a very convenient choice for modeling
service and interarrival time distributions. As we have seen, it leads to
very tractable results in characterizing system behavior. In some contexts,
however, it is not a realistic choice of distribution. In some service
systems, the service time might be known to have a different distribution.
One important example of this situation is when the service times are
completely predictable (i.e., deterministic). We will consider the following
types of non-exponential queues.

 M/G/1 queue
e M/D/1 queue
= M/E//1 queue

Nonexponential Service:
The M/G/1 Queue

= Poisson input process with rate A

= single server

= arbitrary service time distribution (iid for all customers)
with mean 1/u and variance 62

= infinite capacity queue

N2+ p?

For this class of queues, if p=Au<1,then P, =1-p and Lq = 20-p)

POLLACZEK-KHINTCHINE EQUATION for M/G/1

For an M/G/1 queue,
_ 1202 +,02

Ly = 2= ) if p=Mp<1.

Additional quantities of interest (W, W, L, Ls) can be derived from L, and Py,
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The M/G/1 Queue: Example

EXAMPLE: McD’s Drive Thru

Suppose that customers arrive at the McDonald’s drive-thru at a rate of 30
per hour. The time to until any given car completes service is uniformly
distributed on the interval [0,3] minutes.

(1) What is the average amount of time a car spends waiting to be served?
(2) What is the average number of cars being served or waiting to be
served?

The mean service time is 1.5 minute (obtained by taking the mean of a
uniform [0,3] random variable) so the average service rate p is 2/3
cars/minute. Thus p=Mu=3/4. The variance of the service time is 2=
(3)2/12 = 3/4. The average waiting time in queue for each car, measured in
minutes, is computed using the P-K equation and our useful relationship
between L, and W, :

Lo A0?+p? (05)%(0.75) + (0.75)2

Lo .
Wo = F =74 “2aa-p) - 2(0.5)(0.25) = 3 minutes

The M/G/1 Queue: Example

EXAMPLE: McD’s Drive Thru
The average number of cars being served or waiting to be served is

L=Llg+Ls
Since Lg = (1-Py) = p for an M/G/1 queue, L equals
AZUZ +p2
L=Lo+Llsg="F—"—
TS 21-p)

_ (05)?(0.75) + (0.75)?
B 2(0.25)

+p

+ (0.75) = 2.25 cars
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Nonexponential Service:
The M/D/1 Queue

Poisson input process with rate A

single server

service time is deterministic and equal to 1/
infinite capacity queue

This is a special case of the M/G/1 queue in which 62=0. As in the
general case,if p=Mu<l,then P,=1-p . Moreover, in this case the P-
K equation reduces to

2

_ 14
Lo = 20-p)

POLLACZEK-KHINTCHINE EQUATION for M/D/1

For an M/D/1 queue,

2

o

Lo = m where p=ANp

The M/D/1 Queue: Example

EXAMPLE: McD’s Drive Thru, again

Let’s compare two different employees at the drive thru window. Ann’s service
time is uniformly distributed on the interval [0,3] minutes. Jim is slower on
average, but more consistent: he completes service for every car in exactly 1.55
minutes every time. Which server makes customers wait less time from entry in
the queue until completing service?

We’ve already seen that Ann’s service performance leads to:

L L 2 2 2 2 2
w oo le Lo _Aa’+p? (05)(075)+ (075 . .
CTr T A T 2a(1-p) 2(05)(0.25)

SO W =W, +Wg =3 +15 =45 minutes
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The M/D/1 Queue: Example

EXAMPLE: McD’s Drive Thru, continued

Since Jim’s service time is deterministic, the variance of his service time is zero.

In his case, p=Nu=0.775. By contrast, Jim has people wait in queue on average
Ly Lo ol _ (775%%* ,
W, = T "2 - 27 (1-p) = 2(05)(.225) =2.6694 minutes

W =W, +W, =2.6694 +155 =4.2194 minutes

Although Ann’s average service time is faster, Jim’s consistency leads to shorter
waits.

Nonexponential Service:
The M/E,/1 Queue

Now we consider another special case of the M/G/1 queue, namely the
M/ E./1 queue. The notation E, stands for the Erlang distribution with shape
parameter k. To motivate this type of queue, we first mention some important
facts about the Erlang distribution.

The Erlang Distribution

A random variable X having an Erlang distribution with parameters (L,

k) has probability density function

(‘uk)k kalefkux
(k - 1)!

for x= 0

f(x) =

. 1 1
and mean and variance E(X):; Var(X) = e

The Erlang (u,k) random variable is also called a Gamma (k, k) random
variable.

Note: if k = 1, then X is exponentially distributed with parameter u
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The Erlang Distribution

Useful Fact About the Erlang Distribution

Let Y1,Y,,...,Y, be independent and identically distributed
exponential random variables with parameter nu. Then the random
variable

Y =Y, + Y, 4. 4Y,

n

has an Erlang distribution with parameters (i, n).

The Erlang distribution is of particular significance in queueing theory because
of this useful fact. To see why, imagine a queuing system where the server (or
servers) performs not just a single task that takes an exponential length of time
but instead a sequence of n tasks, where each task takes an exponential length
of time. When each task’s time has parameter nu (mean 1/np) then the length
of time to complete all tasks has an Erlang distribution with parameters (i, n).

Nonexponential Service:
The M/E,/1 Queue

= Poisson input process with rate A

= single server

= Erlang (,k) service time distribution; mean 1/u and variance 1/ki2
= infinite capacity queue

As for the general M/G/1 case, if p=Nu<l,then P, =1-p
Applying the P-K equation to this case yields

_ A lkut+p?  p*((A1K) +1)
N 2(1- p) 2(1- p)
POLLACZEK-KHINTCHINE EQUATION for M/E,/1

L

For an M/E, /1 queue,

_ Pk +1)

T

if p=Au<l.
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The M/E,/1 Queue: Example

EXAMPLE: Homework Questions

Students working on their EESOR 121 homework send email asking for help at a
rate of 1 email per hour. When an email arrives | get right to work answering
that person’s email if | am not busy answering another student’s email at the
time. Each student’s email asks one question for each of the 7 problems on the
homework.) The time each question takes me to answer is exponentially
distributed with mean 3 minutes, so | am capable of replying to one email every
21 minutes on average.

(1) What is the average time a student waits for a reply?

(2) If 1 would like to spend only 10% of of my time answering homework
questions, how many homework problems should | assign each week?

The M/E,/1 Queue: Example

EXAMPLE: Homework, continued

It is given that the time to answer each question is exponentially distributed with
parameter 3. Since there are n=7 questions one each homework set, letting
1/np=3implies that the time it takes me to answer one entire email has an Erlang
distribution with parameters (y, n)=(1/21,7).

In this example p=Ap = 7/20. The P-K equation tells us

_pA@AIM+Y) _ (T120)7((AIT)+1) _ T

Lo 2(1- p) 2(13/ 20) 65

7
We also know L =11-PRy) =p :E

(1) The average time a student waits for a reply is

— 7 7 119
W =L/A=(Lg+Ly)/A =60(E+g)=60(ﬁ)
= 27.46 minutes= 0.4577 hours
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The M/E,/1 Queue: Example

EXAMPLE: Homework, continued

(2) Let n be the number of questions on the homework. My rate of replying to
emails is then p = 1/3n per hour. If | would like to spend at most 10% of of my
time answering homework questions, then | require

1- P, <01
. . A 3n n
This holds only if - —p=Z = - —
y 1- P, =p 7" 60 " 20 <01
or n<?2

| should assign at most 2 problems per week.



