Theorem 10.2: Conditional PDF of Multivariate Gaussian

Let X (kx1) and Y (/x1) be random vectors distributed jointly
Gaussian with mean vector [E{X}! E{Y}’]! and covariance

matrix Cxx  Cxy| [(kxk)  (kxD)
(Ixk) (Ix])

CYX CYY

Then p(y|x) is also Gaussian with mean vector and covariance
matrix given by:

--------------------------------------------------------------------------------
. .
o *e

B )
E{Y|X=x,}=E{Y}+CyxCxx (x, —E{X})| i |Cyx=x, =Cyy —CyxCxxCxy
o3
E{Y|X =x,} = E{Y}+ (x, — E{X}) - var{Y | X =x,} =0y - XL
Ox

....
. .
-------------------------------------------------------------------------------

For the Gaussian case... the
Compare to cond. covariance does not depend
BlVal'late Results on the conditioning x-value!!!
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10.6 Bayesian Linear Model

Now we have all the machinery we need to find the MMSE for
the “Bayesian Linear Model”

x=HO+w

[ﬁ Nxp Nx1
known ,Co) ~N(0,C )

Clearly, x 1s Gaussian and 0 1s Gaussian...

If yes...

But are they jointly Gaussian???

then we can use Theorem 10.2 to get the MMSE for 0!!!

Answer = Yes!!
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Bavesian Linear Model is Jointly Gaussian

0 and w are each Gaussian and are independent
Thus their joint PDF is a product of Gaussians...
...which has the form of a jointly Gaussian PDF

Can now use: a linear transform of jointly Gaussian 1s jointly Gaussian

g oty G )
Wl

0 I 0 w

Thus, Thm. 10.2 applies! Posterior PDF is...
» Joint Gaussian
» Completely described by its mean and variance
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Conditional PDF for Bavesian Linear Model

To apply Theorem 10.2, notationally let X =xand Y = 0.

First we need

And also

E{X}=HE{0} + E{w} = Hp,

E{Y} = E{8} = p,

Cyy =Cy

Cross Terms are Zero
because O and w are

independent

Cxx = Elx—Etx)x— £ |
= E{[H(0-pg)+ wIHO - o)+ w] |

_HE{(e ue)(e o) [T + Efww |

CXX = HCB HT +E{WWT}
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Similarly...

Cyx =Cox = E{(ﬁ—ue)(x—llx)T}

Use E{Ow} =0
E{pgw} =0

E{(ﬂ—ue)(HOJFW—HHe)T} ‘

E{©-no )0 -mo ) 17|

CBX

= CBHT

Then Theorem 10.2 gives the conditional PDF’s mean and cov
(and we know the conditional mean 1s the MMSE estimate)

-

Posterior
Mean:

Posterior
Covariance:

S

Cross Correlation Cg, /Relative Quality
/

0, msz = E{0|x} / AK

A 'd \
—1
= ],IO +C9HT (HCOHT +CW) (X—Hue)
\\§ J\
Y Y

X
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—1
Cgx = Co —CoH' (HCOHT + CW) HC,

AR >,
a priori v
covariance Reduction Due to Data

/

Bayesian
MMSE
Estimator

13



