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Abstract

This paper considers an islanded system consisting of a photovoltaic source connected to a battery
storage through power converters, subject to a time varying load. An innovative charging architecture
composed of two DC-DC converters and a super-capacitor is considered, and a novel modeling and
optimal control framework is proposed with the aim of optimizing battery charge/discharge cycles
while satisfying given generation and load profiles. Nonlinearities and nonconvex constraints arising
from the electrical models are suitably treated in order to devise an optimal control problem involving
linear dynamics that can be solved to the global optimum via mixed-integer linear programming.
Numerical simulations based on a real data set show the effectiveness of the proposed approach as

well as its computational feasibility.

Index Terms

Solar energy, electrical storage systems, optimal control

I. INTRODUCTION

In recent years, photovoltaic (PV) generation systems have undergone an extraordinary development
and have become a leading technology for renewable energy production. To fully exploit their
potential, it is common practice to combine them with energy storage systems (ESSs). Such a
combination is exploited to allow the energy surplus to be used when solar power is unavailable,
as well as to balance grid operation and increase its stability [1], [2]. Electrical storage devices fall

into two main categories: batteries, with lithium-ion batteries being the prominent technology, and
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super-capacitors (SCs). Batteries are characterized by high energy density but low power density,
and are prone to performance degradation when subjected to repeated charge/discharge cycles; on
the other hand, SCs exhibit low energy density and high power density, are generally more durable
and more resilient to high current rates and variable load conditions. The complementarity of these
two classes of devices led to the proposal of hybrid solutions where SCs and batteries cooperate to
compensate for each other’s shortcomings [3].

In this work, we consider a recently introduced direct current (DC) charger architecture [4] based
on the cascade of two DC-DC converters decoupled by an SC. In this architecture, a first converter
is used to control the operating point of the PV device, which is required, e.g., to achieve Maximum
Power Point Tracking (MPPT) and/or compensation for partial shading conditions [5], [6]. A second
converter is used for regulating the battery current, while the introduction of an SC acting as both
a DC link and an auxiliary storage allows for absorbing rapid current variations during transients.
This reduces stress on the battery, thus preventing premature degradation and preserving its overall
capacity. A similar framework is proposed in [7]. A key characteristic of this charger architecture is the
flexibility offered by the two converter gains, which can be exploited as control variables to regulate,
e.g., both the operating point of the PV source and the battery charging/load current. In [7], this feature
is exploited via an empirical control scheme based on PID and fuzzy logic in order to achieve MPPT
on the PV side and constant current charging on the battery side. A prominent shortcoming of such an
approach is that the existence of loads is not accounted for, i.e., the analysis is limited to the charging
process. The presence of loads is inescapable in several application contexts such as microgrids, and
in this case the combined battery charging/discharging behavior must be explicitly accounted for, as it
represents the main source of battery degradation [8]. The latter should be minimized due to economic
and environmental reasons. Moreover, numerous constraints arise in the overall system, including, e.g.,
PV power availability depending on weather, battery capacity and safety bounds, charging/discharging
current limitations, and operating ranges of the electrical components. The above requirements call for
the development of a suitable optimal control framework, possibly relying on formulations that can be
solved to the global optimum and in a computationally feasible manner. This is not a straightforward
task due to the nonlinear nature of the involved dynamics and nonconvexity of the constraints.

In this paper, we aim at filling the above research gap by providing the contributions summarized
below.

- An optimal strategy for scheduling the operation of the considered architecture under variable loads
and weather conditions is designed, with the aim of optimizing the battery charging cycles while
satisfying generation, load, and technological constraints;

- An optimal control scheme underpinning such strategy is developed making use of standard non-
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linear models of both PV generation and battery storage. The most notable feature of such scheme

is that nonlinearities in the dynamics and nonconvex constraints arising from the electrical models

are suitably treated so that the optimal control problem involves linear dynamics and can be solved

to the global optimum via a low-complexity mixed-integer linear program (MILP).
The proposed control strategy is validated through numerical simulations based on realistic devices
and weather data taken from [9]. The performance of the devised control technique is compared to
that of an adaptation (due to the presence of load and physical constraints) of the standard MPPT
operation combined with constant current charging, showing the superiority of the proposed approach
in optimizing battery life while maintaining a minimal computational effort.

The paper is organized as follows: the models of the components of the considered setup are
introduced in Section II. In Section III, the proposed optimal control strategy is derived. Numerical

simulations are provided in Section IV, while conclusions are drawn in Section V.

II. SYSTEM MODELING

In this section, the models used to represent the full energy conversion chain are presented.

A. Photovoltaic Source

The electrical equivalent model of a PV source that will be used throughout this work is the widely
adopted single-diode model [10]. The electrical behavior is completely regulated by the voltage-current

relationship given by (see Fig. 1)

ey

ipo = L — I, [e“pﬁﬁf” - 1] ot Bty
R,

where Vr denotes the thermal voltage, N, is the number of series connected PV cells, ;.. is the

photocurrent, [, is the diode reverse saturation current, n is the diode ideality factor, R, is the series
resistance, and R, is the shunt resistance.

The previous parameters depend on irradiance GG and/or temperature of the cell 7, [10]. Equation

(1) can be solved through iterative methods or via the Lambert-W function to derive the PV voltage

vpy for a known PV current i,, or vice versa [11], and also to determine, given G and T, the

maximum power operation point (MPP) of the PV source

P,.= max P,
MEE T (i) in (1) T
with Py, = vpyipy. Another well-known feature captured by the model in (1) is that a given

MPP v

reference power P, < P, can be tracked at two different operating points (v,,[Ppy], i5,[FPpo]) and

(U5 [Ppol, i, [Ppo]), see Fig. 2, which can be computed numerically. In the framework considered
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Fig. 1. Single diode model for a silicon photovoltaic device.
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Fig. 2. Voltage-power characteristics of a solar cell. The blue curve denotes the operating points (v,,[Ppv]; ips[Ppv]),
while the red one represents (Vg [Ppo), iy [Ppo])-

in this paper, it is convenient to operate the PV panel at (v}, [Ppy], 5, [Ppy]). In that region, the PV

voltage vy, is always greater or equal to the MPP voltage v and close to the open circuit voltage

MPP

v;f,, see [11].

B. Battery

The battery model employed in this paper consists of a nonlinear voltage source with series
resistance and two RC cells that account for rapid transient phenomena such as charge diffusion
processes [12]. This model (see Fig. 3) is used to represent a large variety of cells of different
technologies [13]. The state of charge (SOC) S, which represents a continuous state variable of the
battery model, belongs to the closed interval [0, 1].

The full state equation model is expressed as

S:QLN’L'I), @Ci:é{ib_z}gj]aizl’2 (2)

where (Qn is the nominal capacity of the battery.

In lithium-ion batteries, the open circuit voltage v,. is a nonlinear function of S. In this work, we

4



T

Vp Voe(S)

Fig. 3. Dynamic model of the battery.

consider the model developed in [14], given by

Voc(S) = a1 — ape® ¥ 4 v, 3)

t

where parameters a1, as, by, bo depend on battery quality and aging, while v“** is a constant termed

cut-off voltage. In Fig. 4, the plot of v, vs. S is reported for an ESS system consisting of the parallel

of 2 series of 9 batteries with the parameters reported in [14], for different battery aging.

Remark 1 Rechargeable batteries are in general not meant to be fully discharged, since a full

t

discharge can permanently damage them, and operation below v"" must not be allowed to avoid

overdischarging [14]. This condition requires enforcing a lower bound v > v on v, corre-

sponding via (3) to a lower bound S™" > S = log(ay/as)/(ba — b1) on S. An upper bound

vl can be similarly imposed. Taking vIX* = v,.(1), corresponding to a fully charged battery, and
VI = o e, the largest interval [V, v, the ratio vI" /v for common devices varies in

the range [0.77,0.79], corresponding to S™" varying in [0.17,0.32], over [0, 7] years of battery age
[14], [15] (see Fig. 4). Narrower limits [T, v ] are used to improve battery life. Such limitations

y roc

are typically enforced via the device circuitry.

C. DC-DC Converters

All DC-DC converters are switched circuits that require time-domain modelling with time steps
well below the time constants involved in the charging process of the battery. For this reason, it is
common to consider the DC-DC converters at steady-state [16], [17]. In this case, the converter can
be seen as a DC transformer, for which it is possible to define a voltage gain M, and a current gain
M; such that

My, =vo/vi , M;=1,/i;. )
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Fig. 4. Battery open circuit voltage v, vs. state of charge S for lithium-ion batteries of different age. Parameters v*f, v
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Fig. 5. Double conversion stage model.

max

For the sake of simplicity, we neglect any loss associated to either parasitic components or switching,

and so

D. Double conversion stage battery charger

MyM; = 1.

In this paper, we consider a double conversion stage composed of two first order (buck, boost)

converters in cascade with a DC bus consisting of a suitably dimensioned super-capacitor. This

configuration is in general referred to as split-w [18], [19], [4]. The load is modeled through an ideal

current generator connected to the output terminals of the boost converter. Since the dynamics of the

charging process is much slower than the charge diffusion on the battery, capacitors C; and C5 in

Fig. 3 can be neglected. Thus, the schematic representation of the overall system can be illustrated

as in Fig. 5, where R = R; + Ry + Ry is the overall resistance of the battery and ¢; denotes the load

current. Let us denote by M; < 1 and Ms > 1 the voltage gains of the buck and boost converters,



and by P,, and P, the PV generation and load power, respectively. Then, according to (2) and (4)

the overall system can be modeled as

S(t) = g=in(t) (52)

[Mll(t) ipo(t) = Ma(t)iout ()| , (5b)

where

Vpus(t) = My (t)vpv(t) (©)
in(8) = & (Ma(®)onat) — v0o(S(1))) ™
Z‘out(t) = Z.b(t) + W(:jg(t) ®)

Notice that (5b) represents the voltage dynamics of the SC with equivalent capacity C'. In the above

nonlinear model, the converter gains M (t) and Ms(t) constitute the command inputs to the system.

III. OPTIMAL CONTROL DESIGN

In this section, an optimal control strategy is derived for the considered solar charger model in
order to schedule the charging process over a given time horizon (e.g., one day) under a variable load,
with the aim of optimizing the battery charging cycles while satisfying generation, load, and device
operational constraints. The proposed approach is based on suitable manipulations of the models in
Section II and of the corresponding constraints, so that the underlying optimization problem boils
down to a low-complexity MILP, which can be efficiently solved to the global optimum.

Since the PV generator power is given by Py, (t) = vpy(t)ipy,(t), by substituting (6)-(8) into (5b), the

system state equations can be rewritten as

S(t) = g i(t) (9a)
Opus (1) = va(t)fz‘b(t)(RgQE:Z:r(Q;Sm(S(t)))*Pz(t)’ (9b)
and moreover
M (t) = Q;b;s(%) (102)
My(t) = Held S, (10b)

Using the SC bus stored energy
Eps(t) = 3Cv2, (1) (11)



as a state variable in (9b) in place of vy,s(t), it is easily seen that the system dynamics can be further

expressed as that of two integrators, i.e.,

S(t) = g (t) (12a)

Epys(t) = ua(t) — Ri(t), (12b)
where the auxiliary control inputs u; (), us(t) are given by

up (t) = ip(t) (13a)

U (t) = Ppy(t) — Rub(t) — voe(S(t))uy (t). (13b)

Clearly, M;(t) and M5(t) can be recovered from wu;(t) and us(t) by computing P,,(t) from (13b),
and in turn vy, (t) = vpy[Ppy(t)] numerically as pointed out in Section II-A, and finally using (11) in
(10).

Discretizing (12) via the Zero-Order-Hold (ZOH) equivalent method with sampling time 7,, and
denoting by the subscript k the sampling of a variable (-)(¢) at the k-th time step, i.e., (-)x = (+)(kTs),
k=0,1,..., one gets

Sk1 = Sk + g ULk (14a)
Ebus,kJrl = Ebus,k + Tsuo k — TSJDl,k- (14b)
The sought optimal control problem is formulated over a discrete time horizon k € 7,7 =0,1,...,T.

In such formulation, it is assumed that P ; and P, ; represent forecasts of the load and peak PV
power, respectively, where the latter is in turn computed on the basis of a weather forecast (Gy, T, )
as outlined in Section II-A. Such forecasts are assumed to be available at the beginning of the control
horizon. The following constraints are enforced on the control system variables in order to account

for technological and performance limitations of the models.

e PV power. PV generation, which in turn determines the operating point of the PV device at each
time step as outlined above, must be kept between 0 and the maximum available power forecast,
ie.,

0< Pk <Py ke (15)

MPP

e Battery current and SOC. Charge/discharge current 7, must satisfy suitable technological bounds for

proper device operation that is,
iy <y g <0 (16)
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where ig”" < 0 and 4;"** > 0. In general, the battery discharge current must be kept considerably
lower than the short circuit current v,.(S)/R, and therefore it can be assumed without loss of

generality that

min

iy < a7

Taking into account the considerations in Remark 1, a constraint of the following form can be used:
0 < S™n < G < §me < 1. (18)

« SC voltage. Due to technological aspects, the operating voltage limits of SCs need to be bounded in

min ,,max

a specific range. Such bounds can be expressed as vy, 1, € [vbus s U | which in turn are equivalent

to the corresponding bounds on the stored energy, i.e.,

Epd < Byusk < Bt (19)

s bus

[min|maz] 1 [min|max}2
where E; = 5Cv;,, .

e DC-DC voltage gains. As stated in Section II, the first conversion stage is characterized by M; < 1.
Since the PV panel is operated at (v,f,[Ppu], i, [Ppo]), it holds that vy, (t) > v,,, (see Fig. 2)

and therefore M; < 1 is guaranteed if v;%* < v,,.., where the MPP is evaluated for maximal

irradiance/temperature conditions. As for the second stage, My > 1 is ensured if v”%" — R\zgnml >

vpo®. The above two constraints can be satisfied by a suitable design of the electrical components.

It turns out that, while constraints (16), (18), (19) are linear in the state and input variables of
(14), constraints (15) are not, due to the dependence of P, ;, on u; j and v,.(Sy) (see (13b)). Such
constraints can be tackled by devising suitable piecewise affine bounds to the involved quantities as

follows. Let us define I, = Ruik + Voe(Sk)u1 k- By (13b), (15) reads

=Ml <ugy < P, — 1. (20)

mpp,k

By the considerations in Remark 1, II; can be bounded above and below for er)mn <wupg <1 by

Ru? , + vl g, 0" <upy <0

—/
I, = @1
2 .
Ruf j +vge ur g, 0 < upp < g
and
. Ruik + Vo ur g, " Supg <0

11}, | (22)
Ruj  + 00 ur e, 0 < ugg < 307,



I,

Fig. 6. Piecewise affine lower (blue) and upper (red) bounds to II.

respectively, and hence, at the price of a slight amount of conservatism, (20) holds if

~I0}, < gy < Py — 10 (23)

MPP 7k

min ,,maxr

Clearly, the wider the interval [v v

oum par] | the more (23) is conservative with respect to (20). Note

that the right constraint in (23) is convex, being ﬁ; a convex function of w; j, while the left one
is not. In order to devise an optimization problem enjoying properties that allow its solution to the
global optimum, a piecewise affine lower bound II, to II) can be exploited. In this respect, many
choices are indeed possible and IIj can be approximated with arbitrary precision at the price of
increasing the computational complexity of the resulting mixed-integer program. However, for the

sake of simplicity, we opt for the following lower bound which holds if (17) is in place (see Fig. 6):

A
1L, =
A L I, B jmin
O = QR +oge )ur, — Rip™™ ", g™ <up < 25
A inLin,
H—l,k = rug%caz’u,lyk, ) < U1,k <0 (24)
1I A min 0< < i
iy g = Ve ULk, SULE S —5
A . ) . 9 gmasz . i
O, 5, = Rip™™ +vge™ Jur p — Righ®=, 25— <y <ige®

Concerning the right constraint in (23), despite its convexity, we choose to exploit a piecewise linear
upper bound IIj, to II’. This is done to avoid having to deal with a quadratically constrained mixed-
integer problem, which is much harder to solve than a MILP. Such bound can be computed (see

Fig. 6) as

— A L . .
ﬁ N H—l,k = (Rlzmn + ngm)uLk, Z;)mn S uLk § 0
k; =

= A . .
I = (Rip"™ + 0™ )ur g, 0 < wugp <.

Using 11, and 11, as upper and lower bounds to 1Ij, it turns out that (20), and in turn (15), holds
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if there exist binary variables z_s i, 2_1 , 21k, 22,k such that

29k 21 ky 21k 22k € {0,1} (25a)
Zoogp+rzar+zip+tzr=1 (25b)
Wik =W(l—z4), i=-2-1,1,2 (25¢)
ue< Bl W, (254)
- Wik + Zg;m Sure < Woig (25¢)
Wi S < B W (251)
~Was+ B < (259)
— Wk —H o Susp < Pypp ok — Oy +Woog (25h)
~Woik = g <uok < Prppk — o1 e+ Woie (251)
— Wik —I p Susk < Pypp ok — Ty + Wi (25))
—Wak — Iy, <upe < Pyppe — i e + Wog (25k)

In (25), a standard big-M argument is used to represent the piecewise linear bounds II, and IIj.
The constant W' must be chosen large enough that when W is nonzero, the constraints involving
it become trivial (note that W can be estimated from the bounds on the quantities involved in such
constraints). The binary variables z_s x, z_1 , 21k, 22,1 indicate which of the intervals in (24) wuy 4
belongs to as per (25d)-(25g), so that the corresponding constraint in (25h)-(25k) is enforced. Note
that (25a)-(25¢) allow one and only one z; , i € {—2,—1,1,2} to be 1 and the corresponding W j
to be zero. Concerning the objective function to be optimized, the minimization of battery strain due

to charging/discharging is well captured by the 1—norm of the current time series 4y, ; = u1 i, i.€.,
T—1

Jr= " |uil (26)
k=0
(see [8]). In light of the the above points, the optimal control problem can be formulated as follows:
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Problem 1:
T-1

O0* = i h
arg min kz_o k

subjected to:

(14), (16), (18), (19), (25), k=0,..., T —1

—hkgul,kghk, kZO,...,T—l (2721)
(S0, Evus,0) = (S°, Epys) (27b)
(St Epusr) = (ST, EL,) (27¢)

where the optimization variables are represented by the set of sequences

0 = {(u17k7u2,k7hk)7 k :07T— 17
(Z—Q,k, Z—1,ks ?1,k> Zg,k), k=0,...T—1,
(Sk7 Ebus,k)y k= O, - T} .

Notice that the slack variables hj, introduced in (27a) allow one to formulate the objective function Jr
in a linear fashion, while the two constraints in (27b)-(27c) are used to enforce boundary conditions
on the two state variables, for given values of S°, Egus, ST E;;ZS. Problem 1 is a MILP involving 47T
binary variables. However, its computational complexity is heavily mitigated by the complementarity
constraint z_o j, +2_1 ; + 21, + 22,1 = 1, which is exploited very efficiently by modern solvers even
for quite large instances.

The command signals M;(t) and M (t) corresponding to the optimal solution can be constructed
from the ZOH-maintained versions of the optimal sequences in ©* via (13), (11), (10) as described

at the beginning of this section.

IV. NUMERICAL RESULTS

In this section, a simulation study is conducted to evaluate the performance and computational
feasibility of the proposed method. The considered setup consists of an islanded system modeled as
in Section II. The ESS is composed by the parallel of 2 series of 9 new LiFePOy cells with the
characteristics taken from [14], for a maximum open circuit voltage of 26V and a total stored charge
of 6 Ah. Forecasts of solar irradiance G(t) and temperature 7,.(¢) are taken from the publicly available
data set in [9] and refer to a summer day in Australia. The sampling time is chosen as 75 = 15 min. By
using these data, the PV peak power generation forecast time series P, .. . is computed numerically

by exploiting (1), assuming a 65W PV module whose parameters are extracted according to the

methods in [20]. The SC bus is composed by the parallel of 4 series of 4 super-capacitors rated
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4000F/3.2V, thus resulting in a single equivalent SC with 4000F'/12.8V. A feasible load profile
forecast Py is considered.
In order avoid thermal stress on the components, the following constraints are enforced on the battery
charging/discharging current and on the SC bus:

i = —3A, it =3A, ot =TV, et =12V

min ,,max

(%

min ,,max v
oc  Yoc

oc UOC

Bounds v are chosen as | ] = [0, v,.(1)], yielding the most conservative bound
(23) as per Remark 1, with S §™a get accordingly. Boundary conditions on the battery SOC and
SC voltage are set as SY = ST = 0.5, vgus = vg;s = 9.8V. This guarantees the same initial SOC at
the beginning of consecutive days. Of course, different choices could be considered on the basis, e.g.,
of generation and load forecasts over time periods spanning multiple days. An instance of Problem 1
was run over a time horizon of one day, thus involving 482 continuous and 384 binary variables.
Solver time averaged over 100 runs turned out to be 0.54 seconds!. The continuous-time model (5)
was simulated using the control inputs computed from the obtained optimal solution. Fig. 7 depicts
the evolution of the most relevant variables. The generated power P, satisfies Py, < P, .. &

as expected. It is worth noticing that, when required by the load profile, the optimal control action

actually drives P, extremely close to P

ep.k» thus showing a very low level of conservatism of

the piecewise affine constraints (25) with respect to the nonlinear ones (20). From the plot of vy,
one may notice that the SC is charged/discharged several times and spans the entire allowed range,
as opposite to the battery SOC S that basically exhibits only one partial charging/discharging cycle.
Such a behavior is in line with the objective function of Problem 1 which aims at reducing battery
cycles.

The proposed approach has been compared with the standard charging technique consisting of
MPPT operation combined with constant current charging. The latter has been adapted to deal with
the presence of load, and controller parameters have been tuned by trial-and-error in order to satisfy the
same constraints as the optimal control problem. The proposed approach outperforms this benchmark
in terms of the battery strain J7 in (26), reducing it by about 30%.

Finally, it is worth noticing that this problem instance admits a solution also assuming a 7-year-old
battery, by considering the relevant values of the parameters. However, if different constraints are
considered, infeasibility may occur in the latter case mainly due to more stringent requirements on
S™in_ For example, the bound S° = ST can be decreased down to 0.22 for a new battery without

incurring infeasibility, while for a 7-year-old one only values down to 0.37 are tolerated.

!Simulations have been performed using Gurobi [21] on a 3.49 GHz Apple M2 processor. Tolerance for primal and dual
feasibility is 1075, while the integrality tolerance is 107°.
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Fig. 7. Evolution of PV panel power output Pp,(t), DC-DC gains M;(t), M2(t), battery state of charge S(t), and SC
voltage vpys(t). In the first plot, Py, (¢) is compared with the peak power P, .. (t) corresponding to irradiance G(t) and
temperature 7.(t), and with load power P,(t). Gray regions in the plot of M; correspond to time intervals where PV
generation is negligible and PV side converter is switched off.

V. CONCLUSIONS

In this paper, a novel control scheme for optimal operation of electrical storage systems connected
to a PV power source has been introduced, by exploiting an architecture consisting of two DC-DC con-
verters connected through a super-capacitor bus. The proposed framework is aimed at satisfying power
and technological constraints while optimizing battery cycles, and considers realistic circuit models.
By means of suitable model transformations and nonconvex constraint handling using piecewise-affine
bounds, the underlying optimization problem has been formulated as a computationally tractable
MILP. The performance of the proposed method has been evaluated by numerical simulations. Future
work will focus on the adaptation of the proposed control architecture to online feedback MPC, as

well as on a robust formulation accounting for uncertainties affecting the load and generation profiles.
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