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Abstract

In this paper we discuss the possible use of chaotic signals for test-
ing Analog-to-Digital Converters (ADCs), with particular reference to
the well known Code Density Test (CDT, also called Histogram Test).
In detail, we discuss the implementation of a chaos-based discrete-time
noise generator circuit, providing the theoretical analysis of its statisti-
cal characterization. The implementation of the chaos-based device is
discussed with reference to a generic hardware architecture, taking into
account the nonidealities introduced by the the presence of noise and the
variability of the circuit parameters. Based on this device, we propose a
method for generating noisy samples that are distributed, over a target
subinterval of the circuit output range, according to a probability density
function (pdf) that can be made arbitrarily close to the ideal uniform pdf,
while paying an acceptable reduction of the uniform-distributed samples
generation rate. Theoretical results, also supported by two experiments,
confirm the reliability of the proposed solution, showing that chaotic sys-
tems can represent an alternative with respect to traditional methods for
the generation of signals to be used in the Code Density Test of ADCs.

1 Introduction

In this paper we discuss the possible use of chaotic signals for testing ADCs,
with particular reference to the well known Code Density Test (CDT, also called
Histogram Test) [1–3]. In detail, we discuss the implementation of a chaos-based
discrete-time noise generator circuit, providing the theoretical analysis of its sta-
tistical properties. The implementation of the chaos-based device is discussed
with reference to a generic hardware architecture, taking into account the non-
idealities introduced by the the presence of noise and the variability of the
circuit parameters. Based on this device, we propose a method for generating

1International Journal of Bifurcation and Chaos, 2010, vol. 20, n. 4, p. 1099-1118

1



Research manuscript. Please refer to the published paper ⋆ 2

noisy samples that are distributed, over a target subinterval of the circuit out-
put range, according to a probability density function (pdf) that can be made
arbitrarily close to the ideal uniform pdf, while paying an acceptable reduction
of the uniform-distributed samples generation rate.

Paper organization: The original contribution of this work is reported in
Sections 4-8, whereas the aim of Sections 2 and 3 is to make the paper self-
contained, presenting the notation and some general definitions used through the
paper. In detail, for the generation of noisy samples in Section 4 we propose to
consider the Sawtooth chaotic map, deeply investigated in [4,5]. The main idea
is to exploit the ergodic stochastic process generated by this dynamical system
as a source of almost-uniform distributed samples for the CDT. In Section 5
we define a theoretical method for evaluating the distribution of the samples
generated by a generic ergodic source. The study takes into account also the
presence of noise in the analog circuit implementing the system, and the issue
is treated in detail in Section 6. The method is then used in Section 7 for
assessing the accuracy of the CDT when adopting the Sawtooth chaotic system
as a test signal source. The validity of the theoretical results is supported by
two experiments, reported in Section 8. Conclusions close the paper.

2 Notation

We denote with the interval [Vmin, Vmax) ⊂ R the input domain of the ADC,
whereas we denote with VFS = Vmax − Vmin its full scale range. It is often
convenient to express the transfer function of ADCs in terms of code transition
levels VT (1), . . . , VT (N). The code transition levels define the code bins : the first
bin, labeled with 0, is related to the subset of input values x < VT (1). The k-th
code bin, for k = 1, . . . , N − 1, is the interval such that VT (k) ≤ x < VT (k+1),
whereas the last code bin, labeled with N , identifies the subset x ≥ VT (N). For
k = 1, . . . , N − 1 the k-th code bin has width

W (k) = VT (k + 1)− VT (k), (1)

and for an ideal ADC we have N = 2n − 1 and each code bin has width Q =
Vmax−Vmin

2n = VFS

2n .

2.1 Static Errors in non-ideal ADCs

Concerning non-ideal ADCs, in this paper we refer to the following definitions
[1, 3]:

• Nominal average code bin width Q: in real n-bit ADCs the transition levels
are not uniformly spaced in the input domain. Accordingly, the code bins
have different widths, and the nominal average code bin width Q is defined
as

Q =
VT (N)− VT (1)

2n − 2
. (2)

In this paper the mid-riser convention is adopted, i.e., Vmin = VT (1)−Q
and Vmax = VT (N) +Q.
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• Gain and Offset : These quantities can be obtained by computing a linear
regression based on the general relationship [3]

Γ · VT (k) + VOS + r(k) = (k − 1) ·Q+ VT (1), (3)

for k = 1, . . . , N . In (3) Γ is the gain, VOS is the offset and r(k) is a
residual error. The linear regression can be calculated according to several
methods, e.g., in order to minimize the sums of the square of the residuals
∑

k r
2(k). In such case Γ and VOS can be determined solving a simple

linear system [1].

• Integral nonlinearity: Once determined the static gain and offset by means
of (3), the static integral nonlinearity (INL) (as a function of k = 1, . . . , N)
is given by the ratio

INL(k) =
r(k)

Q
. (4)

The INL error for an ADC, denoted with INLmax, is assumed to be equal
to the maximum of |INL(·)|.

• Differential nonlinearity: After correcting for static gain, the differential
nonlinearity (DNL) is the difference between the width of a specified code
bin and the average code bin width Q, divided by Q, i.e.,

DNL(k) =
Γ ·W (k)−Q

Q
, k = 1, . . . , N − 1. (5)

The differential nonlinearity error for an ADC, denoted with DNLmax, is
identified with the maximum of |DNL(·)|, and the DNL error for an ideal
ADC is zero.

According to the above definitions, both DNL and INL errors are defined
as fractions of Q, and an ideal ADC has Γ = 1, VOS = 0, INLmax = 0 and
DNLmax = 0. Moreover, when the ADC exhibits a negligible offset and gain
error, an approximated expression for the INL and DNL errors can be obtained
assuming Γ ≈ 1 and VOS ≈ 0. In such case, from (5) it results that W (k) ≈
Q(DNL(k) + 1), and it is easy to prove that r(k) ≈ (k− 1)Q−∑k−1

i=1 W (i), and

INL(k) ≈ k − 1−
k−1
∑

i=1

W (i)

Q
≈ −

k−1
∑

i=1

DNL(i). (6)

3 The Code Density Test (CDT)

Assuming the ADCs under test monotonic and not affected by hysteresis2, the
CDT is briefly reviewed in the following: many samples of an ergodic stochas-
tic sequence (e.g., a randomly sampled sinusoid3) are A-D converted, and an
histogram of output code occurrences is then generated. Due to the ergodicity

2Indeed, these non-idealities can cause the Code Density Test producing erroneous results
[1].

3In literature, the random sampling of sine or triangle waves has been widely investigated
[1, 3].
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Figure 1: The general setup schematic model for the Code Density Test.

of the input sequence, in the limiting case of an infinite number of samples, the
relative number of counts occurring for a given code k is equal to the probability
for an input sample to belong to the k-th code bin. According to the general
test setup model shown in Fig. 1, if the probability density function (pdf) ρ of
the ADC input samples {sm} is known, the following limit is satisfied

lim
S#→∞

hS(k)

S#
=

∫ VT (k+1)

VT (k)

ρ(x)dx, (7)

where S# is the number of input samples, and hS(k) is the number of samples
falling in the k-th code bin. The validity of eq. (7) can be extended to the
whole set of code bins assuming VT (0) = −∞ and VT (N + 1) = +∞.

The ADC input samples {sm} are collected from the output of an ergodic
source with proper statistical features. In the ideal noiseless case, referring to
Fig. 1, we have that at each step m the pdf ρ of the random variable sm is equal
to the pdf φ of xm. Actually, in analog circuits the samples {xm} are affected
by noisy perturbations, and the pdf ρ is given by the convolution4

ρ(x) = (φ⊗ fν)(x) =

∫ +∞

−∞

φ(x − θ)fν(θ)dθ, (8)

where fν is the stationary pdf of the noise process.
In general, from (7) we obtain the expression

lim
S#→∞

1

S#

k
∑

i=0

hS(k) =

∫ VT (k+1)

−∞

ρ(θ)dθ, (9)

which relates the transition levels and the code occurrences. Depending on the
pdf ρ, from (9) a direct reversed expression for VT (k+1) can be computed, i.e.,
a proper function Ψ : [0, 1) → [Vmin, Vmax) can be determined such that

VT (k + 1) = lim
S#→∞

Ψ

(

1

S#

k
∑

i=0

hS(k)

)

. (10)

On the basis of (10) an estimator for the transition levels can be defined for
determining the static AD characteristic function. E.g., when the input samples

4The noisy perturbation signal is supposed to be an ergodic process statistically indepen-
dent from the input.
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are uniformly distributed over the interval [Lmin, Lmax), with Lmin < VT (1) and
Lmax > VT (N − 1) expression (10) has the simple form

VT (k) = Lmin + lim
S#→∞

Lmax − Lmin

S#

k−1
∑

i=0

hS(i). (11)

Concerning the estimation of the code transition levels, we classify two types
of estimation errors that must be taken into account:

E1 errors: these are the statistical errors introduced when truncating the
infinite sequence used for computing the argument of function Ψ (indeed, the
number of samples being converted in the CDT is necessarily finite);

E2 errors: these are the statistical errors due to the uncertainties about the
knowledge of the pdf ρ.

Remark: In this paper we focus on the E2 errors (since the E1 errors can
always be reduced to arbitrary levels by increasing the number of samples used
in the CDT ).

4 The Chaotic Source

Referring to the scheme shown in Fig. 1, in this paper we assume the samples
{xm} generated by a chaotic source implemented by the block diagram in Fig.
2. In this diagram, five different analog blocks are used to determine the sample
z′m+1 as a function of z′m: a comparator, an adjustable gain block, one adder,
a ±1 constants generator, and a delay block τ . The logic variable Ym obtained
at the output of the comparator assumes the value ‘1’ if z′m ≥ P , and the value
‘0’ otherwise. Furthermore, one amplifier and one adder are used for obtaining
the final output signal xm. In this circuit, the chaotic dynamics is ruled by the
transformation

z′m+1 =

{

Bz′m + 1, if z′m < P,

Bz′m − 1, if z′m ≥ P,
(12)

with B ∈ R
+ and P ∈ R. The sequence {xm} of output samples is obtained as

xm = G(z′m +∆), (13)

with G ∈ R
+ and ∆ ∈ R.

As discussed in the following subsections, by properly setting the parameters
P,B,G and ∆, the above system can generate samples uniformly distributed
over any limited interval of the form [Lmin, Lmax).

4.1 The Sawtooth chaotic dynamics

We briefly recall the main properties of the chaotic dynamical system (12).For
values of the system parameters satisfying

{

0 ≤ |P | < 2−B
B2−B

,√
2 < B ≤ 2,

(14)

the dynamics is chaotic over the attractor [BP − 1, BP + 1), i.e., any ini-
tial condition z′0 chosen within the interval delimited by the two fixed points
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Figure 2: Block scheme of the mixed analog-digital circuit based on the Saw-
tooth map generating the ergodic output samples for the CDT.

P

-1

+1

m + 1

z'm
z'0

p2'
p1'

Figure 3: The map (12) for B = 1.51 and P = 0.23. The first seven iterations
of the sequence {z′m} triggered by the initial condition z′0 is also reported. The
gray area bounds the chaotic attractor [BP − 1, BP + 1).
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(π′
1, π

′
2) = ( −1

B−1 ,
1

B−1 ) triggers a chaotic trajectory {z′m} eventually trapped in
the chaotic attractor [BP − 1, BP + 1). The statistical characterization of the
dynamics depends on the system parameters B and P .

In [4, 5] it was proved that the dynamical system (12) can be conveniently
studied taking into account the chaotic map

zm+1 = T (zm) =

{

B(zm − α) + 1 if zm < α,
B(zm − α)− 1 if zm ≥ α,

(15)

where α = P (1−B). System (15) and (12) are topologically conjugated by a lin-
ear homeomorphism and the dynamics of (15) is obtained shifting the dynamics
of (12) by a quantity −BP , i.e.,

z = z′ −BP. (16)

The main advantage of the equivalent form (15) with respect to (12) consists
in a dynamics that is always referred to the chaotic attractor Λ = [−1, 1),
regardless of the variation of the system parameters B and P .

The dynamical behavior of system (15) is completely determined by its pa-
rameters B and α, and in the following we refer to (15) as the Sawtooth dynami-
cal system. The relationship between α,B and P can be used for translating the
parameter space (14) into an equivalent parameter space for the system (15).
In detail, in [4] it was proved that for

{

0 ≤ |α| < 0.17,√
2 < B ≤ 2

1+|α| ,
(17)

the Sawtooth map is an exact transformation over the attractor Λ = [−1,+1),
i.e., any initial condition z0 chosen within the interval delimited by the two fixed
points (π1, π2) = (Bα−1

B−1 , Bα+1
B−1 ) triggers a chaotic trajectory {zm} eventually

trapped into the interval Λ = [−1,+1) that exhibits the most complex behavior
classified in Ergodic Theory [4, 6]. As depicted in Fig. 4, for B > 2

1+|α| almost

all initial conditions trigger sequences eventually attracted toward plus or minus
infinity5, whereas for B ≤

√
2 the map loses its exact property [4, 5, 8]. In this

paper, we assume the system parameters B and α belonging to the parameter
space defined in (17).

It is interesting noting that if P = α = 0 systems (15) and (12) are identical;
moreover, according to the parameter spaces (14) and (17), in both cases the
parameter B can be set equal to 2 only if P = α = 0.

4.2 Theoretical setup

We adopt the following notation and terminology. Let I ⊂ R be an interval. We
denote with BI the usual Borel σ-algebra of subsets of I, and with λ : BI → R

+

the Lebesgue measure. We say that a property holds almost everywhere (a.e.)
on I if the subset F ⊂ I on which the property fails has zero measure, i.e.,
∃H ∈ BI such that F ⊆ H and λ(H) = 0. With reference to the Lebesgue
integration theory, the notation Lp(I) denotes the set of functions f : I → R

5In such case we say that the dynamics diverges. As discussed in [7], in real electronic
circuits this condition leads the dynamics to stabilize on parasitic saturation equilibrium
points.
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Figure 4: A diverging trajectory for the Sawtooth map (15) with B > 2
1+|α| .

such that
∫

I
|f(x)|pdx < ∞, with 0 < p ∈ N, whereas L∞(I) is the set of a.e.

bounded measurable functions. We recall that Lp(I) and L∞(I) can be made

Banach spaces with reference to the norms ‖f‖p = (
∫

I
|f(x)|pdx) 1

p and ‖f‖∞ =

inf{M ∈ R
+ such that {x ∈ I : |f(x)| > M} has zero measure}, respectively.

We define PI as the set of all finite partitions of intervals
6 of I, and if Q ∈ PI ,

we denote the endpoints of Q with EQ = {p0, . . . , pq}, with pi < pj if i < j. If
there exists a positive number M such that ∀Q ∈ PI

VI(f,Q) =

#Q
∑

k=1

|f(pk)− f(pk−1)| ≤ M, (18)

then f is said to be of bounded variation on I and the quantity VI(f) =
supPI

{VI(f,Q)} is the total variation of f on I.
We can now define the following subset of L1(I)

BV (I) = {f ∈ L1(I) :

∃g ∈ L1(I) such that VI(g) < ∞ and g = f a.e.}. (19)

Note that BV (I) also contains functions with infinite variation that are a.e.
equal to a bounded variation function. In such case we define the infimum total
variation of f ∈ BV (I) as ṼI(f) = inf{VI(g) : g ∈ BV (I), g = f a.e.}. The
set BV (I) is a vector space of functions, which can be made a Banach space
with the norm ‖f‖BV = ‖f‖1 + ṼI(f), and it can be proved that that BV (I) is
dense in L1(I) [8]. Finally, we define the subset of pdfs as D1(I) = {f ∈ L1(I) :

6If P ∈ PI then P = {Ii, i = 1, . . . , p,with p > 0}, with Ii ∩ Ij = ⊘ for i 6= j, and
∪pi=1

Ii = I.
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‖f‖1 = 1} and we introduce the subset DBV (I) = BV (I) ∩D1(I). Finally, we
recall that if f : I → R then ess sup f = inf{a ∈ R : λ(x : f(x) > a) = 0} and,
conversely, ess inf f = sup{a ∈ R : λ(x : f(x) < a) = 0}.

Remark: in the following we deal with pdfs of bounded variation φ ∈
DBV (I). We stress that this set of functions is dense in the set of pdf D1(I), and
that it contains all the pdfs of practical interest. For example, all the bounded
pdfs φ : I → R

+ continuous on I, or with a finite number of discontinuities,
belong to DBV (I).

4.3 Ergodic behavior of the Sawtooth dynamical system

In this subsection we briefly discuss the chief ergodic properties of the Sawtooth
dynamical system, whereas a deeper theoretical study can be found in [4] and
in the references cited therein.

It is worth underlining that for a chaotic map the sensitivity of the dy-
namics to the initial condition physically manifests itself, as the time passes,
as an exponential growth of the uncertainty about the prediction of the dy-
namical evolution [9]. Accordingly, the repeated iteration of the deterministic
transformation T defined in (15) can be used for defining a stochastic process
{z0, z1, . . .}, where zm+1 = T (zm), once assuming the initial condition z0 as a
random variable. Accordingly, the uncertain knowledge of the initial condition
z0 is described by a pdf φ0 defined over the phase space Λ and, in general, we can
describe the uncertain knowledge of the dynamical system state zm specifying
the absolutely continuous probability measure µ : BΛ → [0, 1] defined as

µ(J) =

∫

J

φm(z)dz, J ∈ BΛ, (20)

where the pdf φm : Λ → R
+ belongs to DBV (Λ).

Among the theoretical tools at disposal to evaluate the evolution of pdfs
under the repeated iterations of a discrete time chaotic system, the Frobenius
Perron Operator is a fundamental one [6, 8]. In detail, for the system (15) we
define this operator as ΘT : DBV (Λ) → DBV (Λ), where [6]

ΘTφ(x) =

=











1
B
φ
(

x+1
B

+ α
)

, if x ∈ J1,
1
B

[

φ
(

x−1
B

+ α
)

+ φ
(

x+1
B

+ α
)]

, if x ∈ J2,
1
B
φ
(

x−1
B

+ α
)

, if x ∈ J3,

(21)

with

J1 = [−1,−B(1 + α) + 1),

J2 = [−B(1 + α) + 1, B(1− α)− 1), (22)

J3 = [B(1 − α)− 1, 1).

Accordingly, if φ0 ∈ DBV (Λ) is the pdf for z0, the function φ1 = ΘTφ0

describes the distribution of the random state variable z1 = T (z0). If ΘTm is the

Frobenius-Perron operator corresponding to the iterated map Tm = T ◦ m· · · ◦T ,
then ΘTm = ΘT ◦

m· · · ◦ΘT . Therefore, the pdf φm associated with the random
state variable zm = Tm(z0) can be obtained as φm = Θm

T φ0.
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A pdf φ∗ ∈ DBV (Λ) is said invariant with respect to T iff ΘTφ
∗ = φ∗ a.e.,

and in such case (20) defines an invariant probability measure. Referring to the
parameter space (17), in [4] it was proved that the Sawtooth map admits one
unique invariant pdf φ∗ ∈ DBV (Λ), and that if φ0 = φ∗ then the stochastic
process {zm} is ergodic.

For exact systems like (15) it is not necessary to have φ0 = φ∗, since they
are statistically stable [6, 8], i.e., ∀φ0 ∈ DBV (Λ) we have that

lim
m→∞

‖Θm
T φ0 − φ∗‖1 = 0. (23)

The statistical stability derives from the inequality

‖Θm
T φ0 − φ∗‖p ≤ Crm, 1 ≤ p ≤ ∞, (24)

where C and r are positive constants that depend on φ0 and T , with 0 < r < 1
[8].

In other words, regardless of φ0 ∈ DBV (Λ) (i.e., regardless of the uncertainty
level about the initial condition z0), the statistical stability (23) assures that
the stochastic dynamics ruled by the Sawtooth map (15) approaches an ergodic
process with a convergence rate not slower than exponential. In [4] it was shown
that the stochastic process ruled by the Sawtooth map can be assumed stabilized
on its invariant stationary pdf after a limited number of iterations, e.g., a few
dozen steps (Fig. 5).

Remark: according to the above discussion, in the following we assume
the Sawtooth chaotic dynamical system stabilized on its invariant ergodic pdf
φ∗. Due to the shift relationship that exists between the sequences {zm} and
{z′m}, in the following we denote the invariant pdf for the sequence {z′m} as
φ∗
z(x

′) = φ∗(x −BP ).

5 The Sawtooth dynamical systems as a source
of samples for the CDT

It is well known that the unique invariant pdf for the Sawtooth map with B = 2
and α = 0 is uniform over Λ = [−1, 1) [7]. Accordingly, by properly setting the
parameters G and ∆ in (13), the system implemented by the block-diagram in
Fig. 2 can be used for generating samples uniformly distributed over any limited
interval of the form [Lmin, Lmax). On these bases, in this paper we propose to
use the Sawtooth map as a random source of samples for the CDT, as discussed
in the following.

5.1 The shape of the invariant pdf

In analog electronic circuits a small deviation of the parameter values from their
nominal design values is unavoidable in practice, and hence it is not possible to
set B exactly equal to 2 while assuring, according to (17), α exactly equal to 0,
avoiding the divergence of the dynamics. To avoid divergence, system (15) can
be therefore used only for B < 2

1+|α| < 2, and the accurate determination of the

invariant pdf φ∗ for B values lower than 2 is mandatory for using the chaotic
samples {zm} in the CDT of ADCs.
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For B < 2, only in few cases the invariant pdf φ∗ can be calculated analyt-
ically, whereas it can be always accurately estimated with numerical computa-
tions. In [4,10] an efficient method to numerically estimate the invariant measure
for piecewise affine chaotic maps like (15) is proposed. With this method the
invariant pdf for the Sawtooth map can be estimated for any given parameter
set B,α with low-complex numerical computations, being the accuracy of the
estimation theoretically guaranteed [4].

This method was used by the authors to calculate the invariant pdfs for
several B and α values, as reported in the first row of Fig. 6. As it can be
observed in this figure, as far as the parameter B gets close to 2, the ergodic
pdf φ∗ for the Sawtooth map better approximates an uniform pdf. This result
has a theoretical explanation in the robustness property of the Sawtooth map
invariant measure with respect to parameter perturbations [4], as stated in the
following

Theorem 1 (Derived from [4]) Let {Bn, αn} be a sequence of values satis-
fying (17) for all n ∈ N, and such that limn→∞ Bn = 2. Let φ∗

n be the unique
invariant density of the Sawtooth map (15) with parameters Bn, αn. Then the
sequence {φ∗

n} strongly converges in L1(Λ) to the uniform pdf f(x) = 0.5, i.e.,

lim
n→∞

‖φ∗
n − 0.5‖1 = 0. (25)

It is worth remarking that (25) implies the convergence of probability mea-
sures, i.e., ∀A ∈ BΛ

lim
n→∞

µ∗
n(A) = lim

n→∞

∫

A

φ∗
n(x)dx = 0.5 · λ(A). (26)

Since for B sufficiently close to 2 we deal with ‘almost uniform’ pdfs, we are
interested in introducing an easy and reliable method for evaluating and com-
paring different pdfs, in order to establish, for example, which one better ap-
proximates the uniform pdf. Accordingly, for a given arbitrary pdf φ ∈ DBV (Λ)
for 0 < x ≤ 1 we define the following quantities

supφ(x) = ess sup φ|[−x,x) , (27)

infφ(x) = ess inf φ|[−x,x) , (28)

where φ|[−x,x) is the restriction of φ to the interval [−x, x). Finally, the function

φ(x) =
1

2x

∫ x

−x

φ(z)dz (29)

is the mean value of φ restricted to the interval [−x, x). On the basis of the
above equations, we have the following

Definition 1 For the pdf φ the uniformity error E(φ) : (0, 1] → R
+ is defined

as

E(φ)(x) =
supφ(x) − infφ(x)

φ(x)
. (30)
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As an example, the plots of the error function E(φ) computed for some ergodic
pdfs φ∗ obtained for different parameter values of the Sawtooth map are shown
in the second row of Fig. 6. It is interesting noting that in general

lim
x→0+

E(φ)(x) = 0, (31)

lim
x→x

−

0

E(φ)(x) = E(φ)(x0), (32)

and that if φ is a perfect uniform pdf then E(φ)(x) = 0 for all x ∈ (0, 1].
The introduced error function E(φ) can be used for determining a subinterval

of Λ, containing the origin x = 0, in which the restriction of the pdf φ can be
assumed ‘almost uniform’ up to a certain error ε > 0. In detail, we emphatize
the correct interpretation of the function E(φ) introducing the

Definition 2 Let u ∈ (0, 1]. Let φ1, φ2 ∈ DBV (Λ) and let E(φ1), E(φ2) be their
respective error functions (30). We say that on the interval (−u, u) the pdf φ2

is better uniformly shaped than the pdf φ1 if and only if E(φ2)(u) < E(φ1)(u).

According to (31) the set {x ∈ (0, 1] : E(φ)(x) ≤ ε} is non-empty for any
ε > 0. If we define

Uε = sup{x ∈ (0, 1] : E(φ)(x) ≤ ε}, (33)

it is easy to prove that due to (32) E(φ)(Uε) ≤ ε.
We have the following

Theorem 2 Let I ∈ BΛ, with I ⊆ (−Uε, Uε). Then

∣

∣µ(I)− λ(I)φ(Uε)
∣

∣

λ(I)φ(Uε)
≤ ε. (34)

Proof. From the definition (30) it results that

E(φ)(Uε) =
supφ(Uε)− infφ(Uε)

φ(Uε)
≤ ε. (35)

The probability measure of I must satisfy the equation

infφ(Uε)λ(I) ≤ µ(I) ≤ supφ(Uε)λ(I). (36)

On the other hand, since φ(Uε) defined by eq. (29) is the mean value of φ
restricted to (−Uε, Uε), we have infφ(Uε) ≤ φ(Uε) ≤ supφ(Uε). Accordingly it
results

infφ(Uε)λ(I) − supφ(Uε)λ(I) ≤
≤ µ(I)− φ(Uε)λ(I) ≤ (37)

≤ supφ(Uε)λ(I) − infφ(Uε)λ(I)

and therefore, using (35),

0 ≤
∣

∣µ(I)− φ(Uε)λ(I)
∣

∣ ≤
(supφ(Uε)− infφ(Uε))λ(I) ≤ εφ(Uε)λ(I), (38)
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concluding the proof. �

In the above inequalities the quantity φ(Uε)λ(I) represents the average prob-
ability measure of any subset with Lebesgue measure λ(I), i.e., it is the measure
of I assuming the restriction of the pdf φ to the domain (−Uε, Uε) constant and
equal to its mean value computed on (−Uε, Uε). Accordingly, the quantity in the
left side of inequality (34) represents, for the probability measure of I, the frac-
tional deviation with respect to the average probability measure of any subset
with Lebesgue measure λ(I).

As far as the ergodic source based on the Sawtooth map is concerned, de-
pending on ε the value Uε can be numerically computed, once known the sta-
tionary pdf φ∗. It is interesting noting from Fig. 6 that, for any fixed ε, Uε → 1
as far as B → 2. From a theoretical point of view, this is a consequence of the
fact that φ∗ tends to the uniform pdf as far as B → 2 (Theor. 1).

Summarizing, the uniformity error function defined in (30) represents a tool
for comparing two different pdfs φ1 and φ2 in terms of ‘ideality’: if for a certain
u such that 0 < u ≤ 1 it results that E(φ2)(u) < E(φ1)(u) then the pdf φ2 is
closer to the uniform pdf than φ1 on (−u, u), and for the probability measure
of any measurable subset I ⊆ (−u, u), the fractional error defined in (34),
and associated to φ2, is bounded by E(φ2)(u). Indeed, (37) can be in general
rewritten as

infφ(u)λ(I)− supφ(u)λ(I) ≤
≤ µ(I)− φ(u)λ(I) ≤ supφ(u)λ(I) − infφ(u)λ(I) (39)

which implies, using (30),

0 ≤
∣

∣µ(I)− φ(u)λ(I)
∣

∣ ≤
(supφ(u)− infφ(u))λ(I) = E(φ)(u)φ(u)λ(I). (40)

5.2 Control of the Sawtooth map parameters

As it can be seen in Fig. 6, the shape of the invariant pdf for the Sawtooth map
exhibits a high sensitivity to parameter changes, and a method for controlling
B and α has to be taken into account. In [5] a feedback strategy to control
and correct the Sawtooth map parameters has been proposed, with the aim of
setting |α| below a small worst case |α|wc while bringing the parameter B as
much as possible close to 2, above the worst case value Bwc =

2
1+|α|wc

< 2. As

discussed in [5], the correction is obtained by changing the parameters P and B
in the block-diagram of Fig. 2. The controlling method, adapted for the CDT
purpose, is briefly summarized in the Appendix.

6 Effects of Noise

In what follows we analyze the effects of noise by considering two distinct noise
contributions, that are treated separately: the additive noise {ξm} affecting the
dynamics of the chaotic source (we call this internal noise) and the additive
noise {νm} added at the output of the chaotic source (the external noise). This
latter additive noise source is explicitly represented in Fig. 1.
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6.1 Effects of the internal noise

Referring to the approach of Lasota in [6] the presence of internal noise can be
modeled as it follows. At each time step the chaotic sample zm+1 deviates from
its ideal value due to a statistically independent noise ξm added to the sample
zm, i.e.,

zm+1 = T (zm + ξm). (41)

It is worth noting that the presence of noise can cause the trajectories to
diverge, e.g., bringing the perturbed state zm+ξm outside the basin of attraction
of the chaotic attractor: in such case the resulting divergence event shown in Fig.
4 can occur also for B < 2

1+|α| . Accordingly, depending on the system parameter

values and on the statistical distribution of the additive noisy samples {ξm},
we define the confinement probability at the time step m as the probability
for the perturbed samples {zi, i = 0, . . . ,m} to be confined within the basin
of attraction of the chaotic system, once assuming the sample z0 distributed
according to a pdf φ0.

7 The resulting process is a complex discrete-time random
walk on the real domain, which may not admit a stable stationary solution [6]. In
general, assuming the noisy samples {ξm} as i.i.d. random variables statistically
independent from the {zm} samples, it results that

φm+1 = Θ̃T (φm ⊗ fξ) (42)

where fξ is the pdf of bounded variation associated to the noisy samples, whereas

the operator Θ̃T : DBV (R) → DBV (R) is the extension of the Frobenius Perron
operator ΘT defined in (21) to the whole set of densities of bounded varia-
tions in L1(R). It is worth noting that zm only depends on the noisy samples
ξm−1, ξm−2, . . . and if φ = Θ̃T (φ⊗fξ) then the pdf φ is stationary and invariant
for the stochastic dynamical system (41). The characterization of the evolution
of densities (42) for systems like (41) is still an open theoretical problem, and
depending on the considered case even the existence of an invariant density can
be an undetermined issue [6, 11].

The consequence of the stochastic perturbations on the dynamics can be
studied resorting to computer simulations, and in this subsection we discuss the
effects of noise when using the chaotic Sawtooth map as an almost-uniformly
distributed ergodic source for the CDT.

Assuming the process {ξm} a white noise distributed according to a Gaussian
distribution with zero mean and standard deviation σi, we denote with 3σmax =
2+B(|α|−1)

B−1 the margin of safety8 such that if zm is in the attractor Λ = [−1, 1)
the probability for the perturbed state zm + ξm to escape from the basin of
attractor when σi = σmax is smaller than 0.2%. Different cases were simulated
by varying σi and the system parameters B,α. The numerical analysis showed
that if σi < 0.6σmax the stochastic system behaves according to a process with
high confinement probability (see, e.g. Fig. 7). As it can be seen in Fig. 7, for
σi ≤ 0.6σmax the probability for a divergence event is practically negligible up
to 106 map iterations.

7We recall that for the Sawtooth map (15) the basin of attraction of the attractor Λ =
[−1, 1) is the interval delimited by the two fixed points (π1, π2) = (Bα−1

B−1
, Bα+1

B−1
)

8The quantity 3σmax is computed as the minimum distance between the border of the
chaotic attractor Λ = [−1, 1) and the fixed points π1 and π2. The quantity 3σmax approaches
zero if (B, α)→ (2, 0), whereas it tends to increase as far as B drops below 2.
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Figure 7: The confinement probability estimated for the Sawtooth map with
B = 1.98 and α = 0.001, considering different values of the white noise standard
deviation σi = kσmax. Each case was estimated on the basis of a 1000 Monte
Carlo simulation assuming z0 uniformly distributed over Λ = [−1, 1).

If the margin of safety is large enough to avoid divergence events the evolu-
tion of densities (42) stabilizes on an invariant pdf φ∗ (Fig. 8) according to a
converging rate comparable with the one of the noiseless case. In such case the
process quickly approaches an ergodic behavior and the considerations made in
Section 4 for the noiseless case still hold.

As far as the uniformity degree of the obtained ergodic pdf φ∗ is concerned,
in all the tested cases the presence of noise caused the error to be attenuated
with respect to the noiseless case in almost the entire domain (0, 1] (Fig. 8
and 9). In detail this result indicates that for given parameter values B and α,
the white internal noise substantially makes the stationary pdf better uniformly
shaped than in the noiseless case, even if, from a qualitative point of view, the
overall trend of the uniformity error function remains unchanged.

6.2 The invariant density of the final process

Once the samples {z′m = zm + BP} are collected at the output of the analog
block implementing the chaotic map, the signal is processed by linear blocks,
and the overall effect of the additive external noise can be condensed into the
sequence of random variables {νm} depicted in Fig. 1. In this subsection we
assume the ergodic process {xm = G(z′m + ∆)} distributed according to the
invariant pdf φ∗

x.
Assuming the external noise as an ergodic process of i.i.d. random variables,

recalling eq. (8) we have that the stationary pdf ρ for the random samples {sm}
(i.e., the samples used for the CDT) is given by the convolution of the ergodic
pdf φ∗

x with the stationary pdf fν of the noise process. If again we assume the
noisy samples {νm} to be Gaussian distributed with zero mean and standard
deviation σe, the effect of the external noise can be studied using the standard
Fourier analysis. Indeed, considering the pdfs as 1D-signals, we have that the
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Figure 8: The effect of the internal noise on the shape of the ergodic pdf for
the Sawtooth map with B = 1.98 and α = 0.001: (a) noiseless case; (b) σi =
0.25σmax; (c) σi = 0.75σmax.
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curves were estimated for the Sawtooth map with B = 1.98 and α = 0.001).
The circles highlight two limited regions in which the error is slightly worsened
with respect to the noiseless case.

spectrum of ρ is given by the product of the spectrum of φ∗
x and the spectrum of

fν . Since the Fourier transform of a Gaussian-shaped signal is again Gaussian
shaped9, the effect of the convolution is a Gaussian-shaped low-pass filtering of
the original pdf φ∗

x, with a cutting frequency that is inversely proportional to
the standard deviation of the noise process.

As a result, the low-pass filtering smooths the input pdf φ∗
x, similarly to

what happens due to the internal noise previously discussed. Substantially,
as confirmed by numerical simulations, the resulting qualitative effect of the
external noise is equal to the one of the internal noise, with the difference that
the former does not affect directly the chaotic dynamics. As it is discussed
in what follows, if the internal noise and the external noise have comparable
powers, the external noise does not significantly affect the shape of the pdf (i.e.,
in practice the resulting error function mainly depends on the internal noise).
For B > 1.9 and σi < 0.6σmax a linearized simplified reliable model for taking
into account this behavior is reported in Fig. 10, where

H(f) ≈ e−2π2(σ2
e+100σ2

i )f
2

. (43)

The previous expression is heuristic, it is based on simulation results, and it can
be used for analyzing the global effect of noise. It is interesting noting that the
effect of the internal noise is approximately 10 times more important than the
one produced by the external noise. Summarizing, if σe ≈ σi (as it is expected

9We recall that 1

σe

√
2π

e
− x2

2σ2
e

F
←→ e−2π2σ2

ef
2
.
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in analog circuits), the shape of the final pdf is substantially determined by the
internal noise only.

7 Analysis of E2 errors for the CDT and perfor-
mance evaluation

As discussed in Section 3, the uncertain knowledge of the ergodic pdf ρ associ-
ated with the input samples {sm} used in the CDT cause inaccurate estimations
of the transition levels. In this section we want to relate the uniformity error
(30) of ρ with the accuracy of the CDT once assuming the ergodic process
{sm} uniformly distributed between the transition levels VT (1) and VT (N) of
the ADC under test.

Accordingly, we suppose that over the interval (VT (1), VT (N)) the pdf ρ is
affected by an uniformity error ε, i.e., we assume that

(VT (1), VT (N)) = (−U(ε), U(ε)) (44)

and thereforeQ = 2U(ε)
2n−2 . In other words, the input range of the ADC determines

the subinterval (44) of the chaotic domain in which the inequality (34) in true.
Similarly to what discussed in Section 3 for uniformly distributed samples,

the estimation ṼT (k) of the k-th transition level for k = 1, . . . , N can be written
as

ṼT (k) = −Uε + lim
S#→∞

2Uε

S#

k−1
∑

i=1

hS(i)

Π
, (45)

where

Π =

∫ Uε

−Uε

ρ(x)dx = 2Uερ(Uε). (46)

The above quantity Π represents the ratio of samples that fall between the first
and the last transition level, and therefore we call it the efficiency of the ergodic
process. It is worth noting that the quantity

lim
S#→∞

hS(k)

S# ·Π (47)

is equal to the conditioned probability

P {x ∈ (VT (k), VT (k + 1)) |x ∈ (−Uε, Uε)} =

=

∫ VT (k+1)

VT (k)
ρ(x)dx

∫ Uε

−Uε
ρ(x)dx

=
µ(Ik)

Π
, (48)

where Ik denotes the interval (VT (k), VT (k+1)), that is the support of the k-th
code bin. Therefore, eq. (45) can be rewritten as

ṼT (k) = −Uε +
2Uε

Π

k−1
∑

i=1

µ(Ii), (49)

and according to (1) we have

W̃ (k) = ṼT (k + 1)− ṼT (k) =
2Uε

Π
µ(Ik) =

µ(Ik)

ρ(Uε)
. (50)
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7.1 Accuracy in the estimation of the DNL and INL errors

We start assuming to test an ideal n-bit ADC, i.e., we suppose VT (k + 1) =

VT (k) +Q, for k = 1, . . . , 2n − 1, with Q = VT (2n−1)−VT (1)
2n−2 . Consequently, the

ADC under test has DNLmax = INLmax = 0. In such case, we note that it
results

λ(Ik) = VT (k + 1)− VT (k) = Q. (51)

We are interested in quantifying the accuracy for the estimation of the DNL and
INL errors, and to this aim we adopt the approximated expressions discussed
in the Section 2, i.e., we are assuming for the device under test Γ ≈ 1 and
VOS ≈ 0.10

Accordingly, for the ideal ADC under test we can estimate

˜DNL(k) ≈ W̃ (k)−Q

Q
=

=

µ(Ik)
ρ(Uε)

− λ(Ik)

λ(Ik)
=

µ(Ik)− ρ(Uε)λ(Ik)

ρ(Uε)λ(Ik)
. (52)

Since Ik ⊂ (−U(ε), U(ε)) we can use Theorem 2, finally obtaining

| ˜DNL(k)| ≤ ε. (53)

Since this holds for all k then

˜DNLmax ≤ ε. (54)

Concluding, using eq. (6) it results ˜INL(k) ≈ −
∑k−1

i=0
˜DNL(i) that implies

˜INLmax ≤ 2nε. (55)

Assuming to test an ideal n-bit ADC, the relationships (54) and (55) repre-
sent two asymptotic11 worst case upper bounds for the inaccuracy in the esti-
mation of the DNL and INL errors when using in the CDT an ergodic process
with a uniformity distribution error level ε. Moreover, it is worth noting that
(55) is widely overestimated since the result was obtained assuming ˜DNL(k) = ε
for all k.

7.2 The general case

The inequality (54) was determined under the hypothesis of testing an ideal
ADC. As far as the DNL error is taken into account, starting from (5), in the
general case we can write

DNL(k) =
W (k)− Q

Γ

Q
Γ

=
W (k)−Q

′

Q
′ , (56)

10The assumption holds since we are assuming the device under test as an ideal one, and
supposing reasonable small uniformity errors of the ergodic pdf. The validity of the reasoning
is then discussed and supported with examples in the next Section.

11The term ‘asymptotic’ derives from the assumption of using for the CDT an infinite
sequence of input samples.
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and therefore, using (50) and Theorem 2 we have

∣

∣

∣

˜DNL(k)−DNL(k)
∣

∣

∣
=

∣

∣

∣

∣

∣

∣

µ(Ik)
ρ(Uε)

−Q
′

Q
′ − λ(Ik)−Q

′

Q
′

∣

∣

∣

∣

∣

∣

=

=
1

Q
′

∣

∣

∣

∣

µ(Ik)− λ(Ik)ρ(Uε)

ρ(Uε)

∣

∣

∣

∣

≤ ελ(Ik)

Q
′ =

εΓλ(Ik)

Q
. (57)

It is worth noting that if the ADC under test is ideal, inequality (53) and (57)
become exactly the same12. The above result assure the reliability of the method
in the general case, showing that an upper bound for the error in the estimation
of the DNL exists. Since the upper bound directly depends on ε, changing the
efficiency Π of the ergodic process the accuracy of the method can be arbitrarily
enhanced, as discussed in the following subsection.

7.3 The trade off between accuracy and efficiency

Referring to the properties of the uniformity error function (30) discussed in
subsection 5.1, it is interesting noting that since limx→0+ E(ρ)(x) = 0 the uni-
formity error level ε can be set arbitrarily small, obtaining for the CDT any
desired asymptotic accuracy in the estimation of the DNL and INL errors. Nev-
ertheless, as clearly indicated by the plots in the second row of Fig. 6, due to
the growing trend of E(ρ), the smaller is ε and the smaller is Uε defined in (33),
i.e., the smaller is the subinterval of the chaotic domain that is used for the test,
with a resulting decrease of the efficiency Π of the ergodic process defined in
(46). In other words, if the stationary pdf of the ergodic source is not perfectly
uniformly shaped, the ratio of samples that fall between the first and the last
transition level drops to zero as far as ε → 0. This fact in practice causes an
increase of the time required to perform the CDT by a factor of 1/Π, i.e., if for
examples 106 samples are required for the CDT, then 106/Π samples have to
be generated (in average).

The above issue can be explained in more familiar terms introducing the
following

Definition 3 Let the ergodic pdf ρ be distributed over [−L,L) and let the first
and last nominal transition levels of the ADC under test be −u and u respec-
tively13, with u ≤ L. The quantity Ω = L/u is called the overdrive of the input
ergodic source.

In the next Section a further discussion on this point is provided.
Let now assume that the ergodic source is based on a non-diverging chaotic

Sawtooth map. On the basis of what previously discussed, we have the following
property: for any ε > 0 an overdrive Ω exists such that the obtained E2 error
levels in the CDT are smaller than ε.

We conclude this section noting that if the input pdf ρ is reasonably close
to the uniform pdf (e.g., the Sawtooth map with B > 1.94 and with a moderate
presence of noise), then ρ(x) ≈ 1

2L and the efficiency of the ergodic process is
related to the overdrive by the approximated relationship Π ≈ 1

Ω .

12Indeed, the ideal ADC has DNL(k) = 0 for all k, Γ = 1, λ(Ik) = Q.
13The setup has general validity, since the ergodic process can be scaled and centered

anywhere in the real domain.
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8 Examples and Final Remarks

In this section we discuss two experiments based on real chaotic sequences
generated by a Sawtooth circuit prototype, following the approach presented
in [5]. The prototype was implemented using a field programmable analog ar-
ray (FPAA, Anadigm AN212E04), that is a SRAM-based device that allows
for designing low/medium complexity switched-capacitor circuits by exploiting
a library of fully differential blocks.

We stress that in order to assess the reliability of the proposed CDT method,
an a priori perfectly known ADC would be required for being tested. Since no
real device could be used for this purpose, we referred to two virtual 10 bit
ADCs, i.e., we referred to two simulated artificial devices in which the nonide-
alities could be set at will. In order to test the two virtual ADCs we acquired
the chaotic sequences using a National Instruments USB-6251 16 bit ADC14.

For both of the experiments we adopted the following scheme:

1. we defined the static transfer function of the virtual ADC under test. In
order to simulate a real device, a proper algorithm was developed for intro-
ducing in the transfer function random errors (e.g., gain and nonlinearity
errors);

2. on the basis of the actual transfer function of the virtual ADC, the actual
gain error, the actual offset error, the actual INL error and the actual DNL
errors were computed referring to the definitions introduced in Section 2;

3. to perform the CDT we used real 106 samples15 generated by a Sawtooth
circuit prototype and acquired using a 16 bit ADC. Depending on the
required DNL estimation accuracy, by properly setting the parameter G
in Fig. 2, the overdrive for the input ergodic source was set in agreement
with the uniformity error function (30) of the stationary distribution.

4. by means of the CDT we obtained the estimations for the gain error, the
offset error, the INL error and the DNL errors. The estimations were then
compared with the actual quantities previously computed.

For the virtual ADCs under test, the nominal full scale of the converters was
supposed to range between −1V and +1V . For the implemented ergodic source
it was found that B ≥ 1.95, α ≤ 2 · 10−3 σi ≈ σe = 0.5σmax ≈ 20mV (see the
Appendix and [5, 12, 13]).

In Fig. 11 the simulated stationary distribution of an ergodic source with
B = 1.95, α = 2 · 10−3, σi ≈ σe = 0.5σmax ≈ 20mV is reported. In the same
figure, the respective uniformity error function is plotted (overdrive not applied).

According to the uniformity error function of Fig. 11, by setting for the
DNL estimation accuracy ε = 0.02, an Uε level approximately equal to 0.38 is
obtained. Accordingly, to cover the virtual ADC full scale range, the interval
(−Uε, Uε) was expanded by setting an overdrive Ω ≈ 2.6, obtaining an ergodic
source efficiency Π ≈ 40%.

14The resolution of the two virtual ADCs under test (10 bit) was chosen in order to make
sure that the experiment results were not depending on the errors introduced by the real
16-bit ADC used to acquire the chaotic sequences.

15It is worth noting that the number of samples was chosen large in order to make the
results almost not dependent on the type E1 errors.



Research manuscript. Please refer to the published paper ⋆ 25

-1
-0

.5
0

0.
5

1
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0
0.

2
0.

4
0.

6
0.

8
1

0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

r(s)

s
s

E(r)(s)

Figure 11: The stationary distribution of an ergodic source with B = 1.95, α =
2 · 10−3, σi ≈ σe = 0.5σmax ≈ 20mV , and its uniformity error function (before
applying overdrive).



Research manuscript. Please refer to the published paper ⋆ 26

0 100 200 300 400 500 600 700 800 900 1000
-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

0 100 200 300 400 500 600 700 800 900 1000

0

0.02

-0.02

0.04

-0.04

0.06

-0.06

IN
L

D
N

L

Figure 12: INL and DNL estimation for a 10-bit ideal ADC using for the CDT
a sequence of 106 samples generated by the chaotic Sawtooth map.

8.1 Example 1: test of an ideal 10-bit ADC

In this example the CDT of an ideal 10-bit ADC was simulated. In such case
Γ = 1, VOS = 0 and DNLmax = INLmax = 0. The outcomes of the experiment
yielded for the gain and offset estimation Γ̃ ≈ 0.9963 and ṼOS ≈ −0.0035V ,
whereas the INL and DNL error estimations are reported in Fig. 12. The
results confirm the theoretical analysis about the estimation accuracy discussed
in the previous Section, and the obtained small INL estimation error (< 0.8 for
the higher output codes) gives an idea about the strong overestimation of the
worst case upper bound (57).

8.2 Example 2: test of a non-ideal 10-bit ADC

In this example a non-ideal 10-bit ADC was considered with Γ = 0.9439, VOS =
−0.0518 and INL and DNL errors reported in the left column of Fig. 13 (due
to the gain error, the actual number of output codes is lower than 1024). The
outcomes of the experiment yielded for the gain and offset estimation Γ̃ ≈ 0.9420
and ṼOS ≈ −0.053V , whereas the INL and DNL error estimations are reported
in the right column of fig. 13. Also in this case the results confirm the theoretical
analysis about the estimation accuracy discussed in the previous Section. The
INL estimation error (< 0.8 for the higher output codes) is in accordance with



Research manuscript. Please refer to the published paper ⋆ 27

the ideal case previously discussed, and indicates a systematic error that is
related to the non-uniform shape of the stationary density of the ergodic source
used in the experiment.

8.3 Final remarks

The two previous examples confirm the reliability of the method, that gives
acceptable results even using for the ergodic source parameter values typically
obtained when the chaotic system is implemented by non optimized hardware
prototypes [5,12,13]. Due to the high sensitivity of the shape of the stationary
distribution to small parameter changes, whatever improvement in the imple-
mentation accuracy (that allows, e.g., parameter B to reach levels equal to 1.96
or 1.97) assures a significant decrease of the uniformity error (see Fig. 6), with a
consequent increase of the ergodic source efficiency or, conversely, a consequent
increase of the accuracy in the estimation of the ADC transition levels.

9 Conclusions

In this paper the use of the chaotic Sawtooth map for the generation of sig-
nals with predefined statistical characteristics is proposed for testing ADCs.
Referring to the CDT, the main idea is to exploit the ergodic stochastic pro-
cess ruled by the Sawtooth dynamical system as a source of almost-uniform
distributed samples. The proposed solution is analyzed and discussed from a
theoretical point of view, and a method for evaluating the uniformity degree
of the obtained distribution of samples is introduced. The method is based on
the definition of the uniformity error function (30) that has a general validity
and does not depend on the specific chaotic system proposed in this paper.
Among the chaotic dynamical systems, the Sawtooth map exhibits a statistical
behavior that can be easily corrected and controlled according to the feedback
strategy discussed in [5] and briefly reviewed in the Appendix. Theoretical re-
sults, also supported by the two experiments discussed in Section 8, confirm the
reliability of the proposed solution, showing that chaotic systems can represent
an alternative for the generation of signals to be used in the CDT of ADCs.
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Appendix – A method for controlling the Saw-
tooth map parameters

The method proposed in [5] for controlling the parameters of the Sawtooth map,
adapted for the CDT purposes, is briefly reviewed in this appendix. Referring
to the block diagram of Fig. 2, in [5] it was proved that the parameters B and
α of the Sawtooth map can be controlled using two Nc-bit digital signals CB

and Cα (the authors showed in [5] that in practical cases Nc = 5 suffices for
obtaining a reliable quality of the control). The digital codes for CB and Cα are
determined analyzing the digital output of the comparator {Ym}, where Ym = 1
if zm ≥ P and Ym = 0 otherwise.

Using a successive approximation strategy, the aim of the algorithm de-
scribed by the simplified flowchart in Fig. 14 is both to set |α| below a small
worst case value |α|wc and, according to (17), to bring the parameter B as much
as possible close to 2, above the worst case value Bwc =

2
1+|α|wc

< 2 [12]. This
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result must be accomplished avoiding the system diverging, i.e., avoiding that at
the end of the correction procedure σi ≥ 0.6σmax. In principle, in the noiseless
case the higher is the accuracy of the digital signals CB and Cα, and the more
B gets close to 2. In practical circuits the worst case bound is a function of
the noise level that sets an upper limit to the accuracy of the correction system
(Fig.15).

The controlling algorithm alternates two phases, the first for reducing |α|,
and the second for increasing B. The decisional core of the algorithm is based
on the ‘count the ONES’ statistical operation, which is used for evaluating the
unbalancing of the chaotic sequence. Since this latter operation depends on
the statistics of the output, the result of the correction is probabilistic. The
divergence detection can be achieved in several ways, since in electronic circuits
a divergence orbit is typically attracted toward a parasitic fixed point introduced
by the saturation of amplifiers [7], (i.e., the comparator in the block diagram of
Fig. 2 issues in this case a fixed symbolic sequence [5]). In [5] the authors used
this correction procedure achieving satisfactory results by setting L = 8192 bits
in the count the ONES statistical operation, and with NC = 5. Taking into
account all the iterations of the algorithm, the method corrects the Sawtooth
map parameters using less than 500.000 output samples.

Once the successive approximation strategy is completed the control system
periodically performs a further fine re-tuning of the system parameters in order
to counteract possible drifts of gains and offsets in the analog circuit (e.g., due
to temperature fluctuations), or in order to restore the system behavior after
occasional divergence events caused by noisy peaks. Summarizing, the overall
correction and control system requires a counter, a few more logic blocks and two
digital to analog converters to be interfaced with the analog circuit implementing
the chaotic map (i.e., the first for setting the reference level of the comparator,
and the second for setting the variable gain of the amplifier block B). The
correction algorithm has been tested to control a Field Programmable Analog
Array (FPAA Anadigm AN212E04), obtaining typical B values greater than
or equal to 1.95 when referring to standard student-level experimental setup, in
which no particular precaution was taken to limit the presence of noise [5,12,13].



Research manuscript. Please refer to the published paper ⋆ 31

Figure 14: Simplified flowchart of the Sawtooth map correction algorithm. The
constants FSα and FSβ represents the full scale of the correction signals for α
and β respectively. NC is the digital resolution (number of bits) used for the
correction signals Cα and Cβ .
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