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Abstract

In this paper a theoretical approach for studying the robustness of
the chaotic statistics of piecewise affine maps with respect to parameter
perturbations is discussed. The approach is oriented toward the study of
the effects that the non-idealities derived from the circuit implementation
of these chaotic systems have on their dynamics. The ergodic behavior
of these systems is discussed in detail adopting the approach developed
by Boyarsky and Góra, with particular reference to the family of Saw-
tooth maps, and the robustness of their invariant measures is studied.
Although the paper is particularly focused on this specific family of maps,
the proposed approach can be generalized to other piecewise affine maps
considered in the literature for ICT applications. Moreover, in the pa-
per an efficient method for estimating the unique invariant density for
stochastically stable piecewise affine maps is proposed. The method is an
alternative to Monte-Carlo methods and to other methods based on the
discretization of the Frobenius-Perron operator.

1 Introduction

In the past decades both Ergodic Theory and Information Theory have gained
increasing attention in the Engineering community, thanks to the high potential
use of their theoretical framework in Information and Communications Tech-
nology (ICT) applications. Within the explored research topics, discrete time
chaotic dynamical systems have been widely investigated for the generation
of sequences with predetermined statistical properties [1–4]. Such kind of dy-
namical systems can be suitably used, e.g., for designing truly random number
generators [4, 5], for issuing spreading sequences in DS-CDMA telecommunica-
tion systems [6], or for enhancing the electromagnetic compatibility of specific

1Circuits and Systems I: Regular Papers, IEEE Transactions on, 2009, vol. 56, n. 4, p.
806-819.
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electronic devices [7]. In these applications, chaotic systems are used for the de-
sign of symbolic stochastic sources with symbols chosen from a properly defined
finite alphabet, and the knowledge of the system and of its invariant measure
allows for determining all the statistical features of the symbolic source [2, 3].
Several types of discrete time chaotic dynamical systems have been proposed for
the implementation of stochastic sources with tunable statistical characteristics :
in such cases, depending on the application, by changing the system parameters
one or more statistical features of the source can be modulated at will (e.g., the
autocorrelation, or any higher order expectations) [2–4, 8].

Among the chaotic systems taken into account for these ICT applications,
piecewise affine maps (also called piecewise linear maps) are good candidates
for being implemented by electronic circuits, since their analytical expressions
typically involve simple algebraic operations [4,9–11]. Nevertheless, the statisti-
cal characteristics of these dynamical systems turn out to be extremely sensible
to parameter changes, and this aspect represents a critical issue when the toler-
ances of any implementation process are taken into account. This fact has been
deeply investigated, e.g., in [4].

The aim of this paper is twofold:
1) to present a theoretical approach for studying the robustness of the chaotic

statistics of piecewise affine maps with respect to parameter perturbations;
2) to propose an efficient method for estimating the invariant measure for

stochastically stable piecewise affine maps.
The first topic has been studied by several authors adopting different points

of view (see, e.g., [12–14] and references cited therein). Our approach is oriented
toward the theoretical analysis of the effects that the non-idealities derived from
the circuit implementation of these chaotic systems have on their dynamics.
Referring to the theory developed by Boyarsky and Góra [13], we discuss in
detail the ergodic behavior of piecewise affine expanding transformations, with
particular reference to the family of the Sawtooth maps considered in [4] for
truly random number generation.

Ergodic Theory classifies dynamical systems depending on the complexity
degree of their dynamics.2 Referring to the approach of Boyarsky and Góra
we identify a region within the parameter space in which the Sawtooth map
preserves its exactness property. Moreover, a particular effort was devoted to
frame the family of Sawtooth maps within the Ergodic Theory developed for
expanding transformations and to prove, for the considered special case, that all
the conditions necessary for adopting and using the known theoretical results
about the stability of invariant measures are satisfied. Although this paper is
focused on the Sawtooth map special case, we stress that the proposed approach
can be generalized for studying the effects that the implementation non-idealities
have on the dynamics of other piecewise affine maps proposed in the literature
for ICT applications.

As mentioned before, in this paper we also propose and discuss an efficient
method for estimating the invariant measure of stochastically stable piecewise
affine maps. The proposed approach is simple, and it is an alternative to the
Monte-Carlo methods and to other methods based on the discretization of the
Frobenius-Perron operator [2,15–21]. The estimation accuracy of this method is

2E.g., with an increasing level of complexity Ergodic Theory defines ergodic, weakly mixing,
strong mixing and exact transformations.
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discussed in detail and, as an example, the approximation of the invariant mea-
sure for the Sawtooth map, considering different non-trivial parameter values,
is calculated.

The presentation of original theorems, propositions and results is enclosed
with proofs and detailed discussions.

Paper organization: the paper is organized as follows. In Section 2 we define
both the terminology and the notation that are used in the rest of the paper.
Section 3 frames the study of piecewise expanding maps within the general
Ergodic Theory, following the approach of Boyarsky and Góra [13]. In Section
4 we present the family of Sawtooth maps and we discuss the robustness of its
exactness property with respect to parameter variations. In Sections 5 and 6
we discuss and apply the general theoretical tools necessary for studying the
robustness of invariant measures for the family of Sawtooth maps. In Sections 7
and 8 we face the problem of computing invariant measures for piecewise affine
maps with non-trivial parameter values, and we propose an efficient estimation
method alternative to other well known approaches. The paper is closed with
Conclusions and References.

2 Basic Setup and Notation

In this paper we adopt the following notation and terminology. Let I be an
interval. We denote with BI the usual Borel σ-algebra of subsets of I, and
with λ : BI → R

+ the Lebesgue measure. The triplet (I,BI , λ) is the Lebesgue
space measure over I. We say that a property holds almost everywhere (a.e.)
on I if the subset F ⊂ I on which the property fails has zero measure, i.e.,
∃H ∈ BI such that F ⊆ H and λ(H) = 0. With reference to the Lebesgue
integration theory, the notation Lp(I) denotes the set of functions f : I → R

such that
∫

I
|f(x)|pdx < ∞, with 0 < p ∈ N, whereas L∞(I) is the set of a.e.

bounded measurable functions. We recall that Lp(I) and L∞(I) can be made

Banach spaces with reference to the norms ‖f‖p = (
∫

I
|f(x)|pdx) 1

p and ‖f‖∞ =

inf{M ∈ R
+ such that {x ∈ I : |f(x)| > M} has zero measure}, respectively.

We furthermore recall that if H is a linear operator from the Banach space
(X, ‖·‖) into itself, then

‖H‖ = sup

{‖Hf‖
‖f‖ , f ∈ X, ‖f‖ 6= 0

}

. (1)

We define PI as the set of all finite partitions of intervals
3 of I, and if Q ∈ PI ,

we denote the endpoints of Q with EQ = {p0, . . . , pq}, with pi < pj if i < j.

Definition 1 If there exists a positive number M such that ∀Q ∈ PI

VI(f,Q) =

#Q
∑

k=1

|f(pk)− f(pk−1)| ≤ M, (2)

then f is said to be of bounded variation on I and the quantity VI(f) =
supPI

{VI(f,Q)} is the total variation of f on I.

3If P ∈ PI then P = {Ii, i = 1, . . . , p,with p > 0}, with Ii ∩ Ij = ∅ for i 6= j and
∪p
i=1

Ii = I.
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We can now define the following subset of L1(I)

BV (I) = {f ∈ L1(I) :

∃g ∈ L1(I) such that VI(g) < ∞ and g = f a.e.}. (3)

Note that BV (I) also contains functions with infinite variation that are a.e.
equal to a bounded variation function. In such case we define the infimum total
variation of f ∈ BV (I) as ṼI(f) = inf{VI(g) : g ∈ BV (I), g = f a.e.}. The set
BV (I) is a vector space of functions, which can be made a Banach space with
the norm ‖f‖BV = ‖f‖1+ ṼI(f), and it can be proved that that BV (I) is dense
in L1(I) [13]. Since in this paper we deal with probability density functions
(pdfs), we introduce the subset D1(I) = {f ∈ L1(I) : ‖f‖1 = 1} and the subset
DBV (I) = BV (I) ∩D1(I).

In this paper we consider one dimension dynamical systems xn+1 = τ(xn),
where τ : I → I is a nonsingular transformation, i.e., if A ∈ BI ⇒ τ−1(A) ∈ BI ,
and if for any A ∈ BI such that λ(A) = 0 we have that λ(τ−1(A)) = 0. In
particular, by denoting with τ |A the restriction of τ to the subset A ⊆ I, we
introduce the special class of maps that follows [13].

Definition 2 We denote with Texp(I) the class of piecewise expanding trans-
formations τ : I → I that satisfy

1. there exists a partition Q ∈ PI, with Q = {I1, . . . , Iq} and EQ = {p0, . . . , pq}
the endpoints of Q, such that τ |Ii is continuous and derivable on Ii, and
|τ ′(x)| ≥ 1 + ε, ε > 0 for any 1 ≤ i ≤ q and pi−1 < x < pi.

2. the functions g1(x) =
1

|τ ′

−
(x)| and g2(x) =

1
|τ ′

+
(x)| are functions of bounded

variation on I, where

τ ′−(x) = lim
y→x−

τ ′(y), τ ′+(x) = lim
y→x+

τ ′(y).

In the following we consider partitions Q satisfying the point 1 of the previous
definition such that it has the smallest necessary number of elements.

We conclude this section defining a non-empty set A ⊆ I as τ -invariant if
and only if τ(A) = A. It is worth noting that τ(A) = A does not imply that
τ−1(A) = A, whereas the converse is true. Moreover, x ∈ A ⇒ τn(x) ∈ A, ∀n ∈
N.

3 General Framework: Invariant Measures

Invariant measures play a key role in the analysis of the stochastic aspects of
chaotic dynamics, since they provide necessary information for retrieving any
order statistics of the chaotic process [2, 22].

Definition 3 Let (I,BI , µ) be a measure space. The measure µ : BI → R
+ is

invariant with respect to τ : I → I if and only if for any A ∈ BI we have that
µ(A) = µ(τ−1(A)). We say that τ preserves µ.
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Remark: in the following we consider measures absolutely continuous (a.c.)
with respect to the Lebesgue measure, i.e., defined as

µ(A) =

∫

A

f(x)dx, A ∈ BI , (4)

where f ∈ L1(I), with f ≥ 0, is called the density of µ. We abbreviate the
previous expression using the compact notation µ = f ·λ, and if f ∈ D1(I) then
µ is a probabilistic measure. Not all nonsingular transformations admit an a.c.
invariant measure [23], whereas the existence of a.c. invariant measures with
density of bounded variation is assured for maps belonging to Texp(I) [13].

3.1 The Frobenius-Perron operator

Let τ : I → I be a non-singular transformation. We define the Frobenius-Perron
operator Θτ : L1(I) → L1(I) as follows: for any f ∈ L1(I), the function Θτf is
the unique (up to λ-a.e. equivalence) element in L1(I) such that

∫

A

Θτf(x)dx =

∫

τ−1(A)

f(x)dx, A ∈ BR. (5)

The validity of the above definition derives from the Radon-Nikodym theo-
rem [13]. The mechanism ruled by the Frobenius-Perron operator is intuitively
summarized by the following remark: assuming the initial condition x0 of the dy-
namical system as a random variable distributed over I according to f0 ∈ D1(I),
the pdf f1 = Θτf0 describes the distribution of the system state x1 = τ(x0).
Accordingly, the operator Θτ rules the evolution of the initial pdf f0 induced by
the deterministic transformation τ . The link between invariant measures and
densities is hereafter provided: a pdf f∗ is said invariant with respect to τ iff
Θτf

∗ = f∗ a.e., and it can be proved that in such case the measure µ∗ = f∗ · λ
is τ -invariant [13].

The Frobenius-Perron operator has some important properties, that will be
used in the following. In particular, Θτ : L1(I) → L1(I) is a linear operator
such that ‖Θτf‖1 = ‖f‖1 and if f ≥ 0 then Θτf ≥ 0. Moreover, if Θτn is

the Frobenius-Perron operator corresponding to τn = τ◦ n· · · ◦τ , then Θτn =

Θτ◦
n· · · ◦Θτ . We are interested in considering the Frobenius-Perron operator

within the set BV (I), and to this aim we report the following theorem, proved
in [13].

Theorem 1 Let τ ∈ Texp(I). If f ∈ BV (I) then Θτf ∈ BV (I) and there exists
two constant δ1, δ2 such that ∀f ∈ BV (I)

ṼI(Θτf) ≤ δ1ṼI(f) +
δ1
δ2

‖f‖1 , (6)

where, referring to the notation introduced in Def. 2 and defining

γ = max
1≤i≤q

{VIi(g1)} = max
1≤i≤q

{VIi(g2)}}

we have δ1 = 2
α
+ γ, δ2 = min1≤i≤q λ(Ii), with 1 < α ≤ infx∈I |τ ′(x)|.
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The above theorem states the important property that if τ ∈ Texp(I) then
Θτ (BV (I)) ⊆ BV (I), and thanks to the fact that ‖Θτf‖1 = ‖f‖1 we have that
Θτ (DBV (I)) ⊆ DBV (I). An useful corollary can now be proved.

Corollary 1 Let τ ∈ Texp(I) and let us consider the Banach space (BV (I), ‖·‖BV ).
It results ‖Θτ‖BV < ∞.

Proof. We have ‖Θτf‖BV = ‖Θτf‖1+ ṼI(Θτf) = ‖f‖1+ ṼI(Θτf), and from

Theorem 1, ‖Θτf‖BV ≤ ( δ1
δ2
+1) ‖f‖1+δ1ṼI(f). Accordingly, ∀f ∈ BV (I) such

that ‖f‖BV 6= 0 we have

‖Θτf‖BV

‖f‖BV

≤
( δ1
δ2

+ 1) ‖f‖1 + δ1ṼI(f)

‖f‖1 + ṼI(f)
≤ δ1

δ2
+ δ1 + 1, (7)

and ‖Θτ‖BV ≤ δ1
δ2

+ δ1 + 1 < ∞. �

3.2 Support of measures

Let us consider a measure space (I,BI , µ), and let us assume on the interval
I the topology induced by the euclidean distance. The support S(µ) of the
measure µ is the smallest closed set of full measure, i.e.,

S(µ) = X \
⋃

µ(A)=0
A is open

A. (8)

If there is a set A ∈ BI such that µ(E) = µ(A ∩ E) for every E ∈ BI , then µ
is said to be concentrated on A. This is equivalent to requiring that µ(E) = 0
whenever E ∩ A = ∅. Finally, let µ1 and µ2 be measures on I. If there exists
a pair of disjoint sets A and B such that µ1 is concentrated on A and µ2 is
concentrated on B, then µ1 and µ2 are said to be mutually singular, written
µ1 ⊥ µ2.

We can now provide some useful results about measures µ = f ·λ with density
f ∈ BV (I). In particular, if g ∈ BV (I) then there exists a lower semicontinuous
function4 f ∈ BV (I) equal to g a.e. [13]. We call the set

Ωf = {x : f(x) > 0} (9)

the support of the density f , which is an open set if f is lower semicontinuous.
Accordingly, for any g ∈ BV (I) there exists an open set A such that λ(A∆Ωg) =
0, with the set A equal to the support of a lower semicontinuous density f of
bounded variation a.e. equal to g.5

Given an a.c. measure µ = f · λ, the link between the support S(µ) and its
equivalent lower semicontinuos density f ∈ BV (I) is given by the following

Proposition 1 Ωf ⊆ S(µ).

Proof. We remark that Ωf ⊆ I is an open set with positive measure. Directly
from the definition of S(µ) we have that Ωf ⊆ S(µ). �

From the definition of Ωf it results that µ is concentrated on Ωf .

4A function f : R → R is lower semicontinuous iff f(y) ≤ lim infx→y f(x) for any y ∈ R.
5The symbol ∆ denotes the symmetric difference between sets, that is A∆B = (A ∪ B) \

(A ∩ B).
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3.3 Ergodicity and Exactness

Ergodic maps have a relevant importance in ICT applications since they allow
for generating ergodic stochastic processes [24]. We report in this subsection
some fundamental definitions and results that will be used for characterizing
the family of Sawtooth maps. Let us consider a probability space (I,BI , µ), and
a measure-preserving transformation τ : I → I.

Definition 4 The map τ is called ergodic with respect to µ if and only if ∀A ∈
BI such that A = τ−1(A) we have µ(A) = 0 or µ(A) = 1. In such case µ is
called an ergodic measure.

In general a transformation can admit more than one probabilistic ergodic mea-
sure. About this point we recall the following [13]

Theorem 2 If µ1 and µ2 are two different a.c. probabilistic ergodic measures
for a transformation τ , then µ1 ⊥ µ2.

Exact maps are an important subset of ergodic transformations since they
exhibit the strongest chaotic behavior.

Definition 5 A map τ such that A ∈ BI ⇒ τ(A) ∈ BI is said exact iff for each
A ∈ BI , µ(A) > 0,

lim
n→∞

µ(T n(A)) = 1. (10)

Proving the exactness of a given map directly from the definition is not
trivial, since (10) must hold for any A ∈ BI , µ(A) > 0. The importance of exact
maps derives from its stochastic stability, discussed in the following [13, 14]

Theorem 3 Let τ ∈ Texp(I). If τ is exact then it has the strong mixing
property, i.e., it admits one unique invariant a.c. measure µ∗ = f∗ · λ, with
f∗ ∈ DBV (I), such that for all g ∈ DBV (I)

lim
n→∞

‖Θn
τ g − f∗‖BV = 0. (11)

In particular, depending on τ , a positive constant K and a constant 0 < r < 1
exist such that for any p with 1 ≤ p ≤ ∞ and for any n ∈ N

‖Θn
τ g − f∗‖p < Krn ‖g‖BV . (12)

3.4 Quasi-Compactness of the Frobenius-Perron Operator

We conclude this introductory theoretical Section with its main theorem, proved
in [13]. Any invariant density f ∈ BV (I) for a given map τ ∈ Texp(I) can be
viewed as an eigenfunction associated with the eigenvalue 1 of the Frobenius-
Perron linear operator Θτ : BV (I) → BV (I). More in detail, the dimension of
the eigenspace {f ∈ BV (I) : Θτf = f a.e.} agrees with the number of different
invariant probability densities. The study of the complete set of eigenfunc-
tions for the Frobenius-Perron operator is founded on an important result in
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functional analysis proved by Ionescu-Tulcea and Marinescu: the spectral de-
composition theorem for quasi-compact linear operators [13, 25]. For this kind
of operators, among other properties, the number of eigenvalues with modulus
1 is finite, and the related eigenspaces have finite dimension as well. Moreover,
the supremum of the moduli of the remaining eigenvalues is strictly lower than
one.6

In the following, for a given subset A ⊂ R, we denote with 1A : R → {0, 1}
the characteristic function of A, i.e., if x ∈ A then 1A(x) = 1 otherwise 1A(x) =
0.

Theorem 4 Let I be an interval and let τ ∈ Texp(I). Then the Frobenius-
Perron Θτ is quasi-compact on the space BV (I). In particular,

1. τ has a finite number n of ergodic a.c. probability measures µ1, . . . , µn

with densities f1, . . . , fn belonging to DBV (I);

2. for each 1 ≤ i ≤ n there exists a finite collection of k(i) disjoint sets
{Ai,1, . . . , Ai,k(i)} such that

S(µi) =

k(i)
⋃

j=1

Ai,j , (13)

such that for φi,j = fi1Ai,j
, for j = 1 . . . , k(i) we have



















φi,1 = Θτφi,k(i)

φi,2 = Θτφi,1

...
φi,k(i) = Θτφi,k(i)−1.

(14)

and such that for j = 1 . . . , k(i) the transformation τk(i) : Ai,j → Ai,j is
exact with respect to the a.c. measure µi,j = fi · λ.

4 The Family of Sawtooth Maps

In this Section we introduce the family of Sawtooth maps, and on the basis of
previous results we discuss some relevant properties of these systems. Let us
consider the dynamical system xn+1 = S(xn), where

S(x) =

{

Bx+ 1 if x < P,

Bx− 1 if x ≥ P,
(15)

with B ∈ R
+, and P ∈ R. In the literature, this dynamical system has been

investigated by several authors (see, e.g., [4, 26, 27]): in [26] it was proposed
for studying the nonlinear dynamics of a class of analog-to-digital converters;
in [27] it was proposed for the design of a chaos-based random bit generator;

6An introductory overview about the spectrum of the Frobenius-Perron operator for mixing
maps is discussed n [2].
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B

P -
+

Sn

+ xn+1xn

Kn

t
+

+

+1   if Sn = 0

-1   if Sn = 1

bn

Figure 1: Simple block diagram for the implementation of the map (15).

in [4] the authors studied from a dynamical point of view the effects of the
system parameters dispersion due to implementation tolerances.

This map can be implemented on the basis of the simple block diagram
depicted in Fig. 1. In detail, the authors in [4] proved that, when implementing
an electronic circuit on the basis of the block diagram depicted in Fig. 1,
the non-idealities introduced by the implementation process tolerances define a
different map that is equivalent7 to a piecewise affine transformation T : R → R

of the form

T (x) =

{

B(x− α) + 1 if x < α,

B(x− α)− 1 if x ≥ α,
(16)

where B ∈ R
+, and α ∈ R. Furthermore, by varying the parameters B and P

in (15) all the possible equivalent systems in the family (16) can be obtained.
In the following, we refer to (16) as the family of Sawtooth maps (Fig. 2).

For B > 2
1+|α| any initial condition triggers sequences eventually attracted

toward ±∞, whereas for 0 < B ≤ 2
1+|α| the dynamical behavior depends on the

specific values of parameters B and α (Fig. 3).
Remark: in the following we focus on the parameter space

|α| <
√
2− 1

1 +
√
2
,

√
2 < B ≤ 2

1 + |α| . (17)

By defining the interval Λ = [−1, 1) ⊂ R, it is easy to check that Λ is both T -
invariant and attractive for any trajectory triggered by initial conditions chosen
between the two fixed points π1 = Bα−1

B−1 and π2 = Bα+1
B−1 . Finally, any other

initial condition x0 such that x0 > π2 or x0 < π1 triggers trajectories attracted

7Equivalent up to a topological conjugacy set by a linear homeomorphism [4]. The connec-
tion between (16) and the dynamics of (15) may loose its validity if for the implementation of
the map (15) a block diagram different from that one depicted in Fig. 1 is adopted [4].
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Figure 2: The Sawtooth map for B = 1.7298 and α = −0.1043.
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Figure 3: Bifurcation diagram for the Sawtooth map (16) with α = 0.03 and B
ranging in 0.1÷ 2/1.03.
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toward ±∞. Referring to the parameter space (17), the maximum allowed value
for B is 2, obtainable setting α = 0.

We note that if we define I1 = [−1, α) and I2 = [α, 1) the restrictions
T |I1 = T1 : I1 → Λ and T |I2 = T2 : I2 → Λ are invertible. Accordingly, for any
A ∈ BR we have T−1(A) = T−1

1 (A)∪T−1
2 (A), where T−1

1 (A)∩T−1
2 (A) =∅ and

T−1
1 (x) =

x− 1

B
+ α, T−1

2 (x) =
x+ 1

B
+ α. (18)

The Sawtooth map (16) belongs to Texp(Λ). Indeed, we have the parti-
tion {I1, I2} ∈ PΛ such that TIi is continuous and derivable, for i = 1, 2, and
|T ′(x)| = B = 1 + ǫ > 1, for all pi−1 < x < pi. Moreover the functions
g1(x) = g2(x) =

1
B

have a total variation equal to 0. �

4.1 Invariant Special Sets

We have a particular interest in the following type of sets.

Definition 6 A multi-interval (m-interval) J is a subset of R which is the union
of a collection of intervals (even with infinite Lebesgue measure). An invariant
m-interval J is minimal if it does not have any invariant subset J ′ ⊂ J which
is a m-interval.

Single intervals represent a special class of m-intervals. It is easy to prove
that unions of m-intervals are m-intervals, whereas on the contrary, the non-
empty intersections of m-intervals may not be a m-interval. For example,
(−1, 0] ∩ [0, 1) = {0}, which is a singleton. Moreover, we remark that if a
m-interval J is invariant for a generic transformation τ : I → I, then J is
invariant for any transformation τn : I → I, ∀n ∈ N, n > 0. On the other
hand, a m-interval J which is invariant for τn, n > 1, may not be invariant
for τm,m < n. Indeed, let us consider the map τ : [0, 1) → [0, 1) defined as
τ(x) = (0.5 + x) mod 1, where a mod 1 returns the fractional part of a. In
this case the set [0, 1) is invariant for both τ and τ2, whereas the set [0, 5) is
invariant for τ2 and not for τ . Note that this result shows that the minimality
of an invariant m-interval may depend on the considered iteration τn of τ .

In the following, we prove some fundamental properties about invariant min-
imal m-intervals for the Sawtooth map. In the next subsections we refer to these
results for proving the exactness for this family of maps.

Lemma 1 Let J be a m-interval such that if x ∈ J there exists ǫ > 0 such that
[x, x+ ǫ) ⊂ J . Then T (J) is a m-interval satisfying the same property.

Proof. J can be expressed as a countable union of intervals of the form
[a, b). If α ∈ (a, b) then T ([a, b)) = [T (a), 1) ∪ [−1, T (b)). If α /∈ (a, b) then
T ([a, b)) = [T (a), T (b)). Accordingly T (J) can be expressed again as a countable
union of intervals of the form [a, b). �

It is worth noting that an open m-interval satisfies the above property, and
therefore if J is an open interval then T n(J) is an m-interval for all n ∈ N.

Lemma 2 Let δ ∈ R with 0 < |δ| < 1−|α|, and let us consider the open interval

J = (α− |δ|−δ

2 , α+ |δ|+δ

2 ). If α ∈ T (J) then T 4(J) = Λ.
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Proof. Let us assume δ > 0 and J = (α, α + δ). We have (−1, α) ⊂ T (J)
and (T (−1), 1) ⊂ T 2(J). Recalling (17) we have T (−1) = −B − Bα + 1 <

−
√
2 +

√
2
√
2−1√
2+1

+ 1 =
√
2−1√
2+1

< α, and therefore [α, 1) ⊂ T 2(J). Let us now

assume α ≥ 0, and let us focus on A = (T (−1), 1) ⊂ T 2(J). In particular
A can be written as the union of two disjoint intervals K1 = (T (−1), α) and
K2 = [α, 1). We have λ(K1) = α + B + Bα − 1 and λ(K2) = 1 − α. The two
intervals T (K1) = (T 2(−1), 1) and T (K2) = [−1, T (1)) overlap since λ(T (K1))+
λ(T (K1)) = Bα+B2(1 + α)−B +B −Bα = B2(1 + α) which is greater than

2 if B >
√
2

1+α
. Since α ≥ 0 this latter inequality is verified for all B >

√
2,

and therefore T 3(J) ⊆ T (K1) ∪ T (K2) = Λ = T 4(J). If α < 0 we can consider
the evolution of [α, 1) ⊂ T 2(J). In particular [−1, T (1)) ⊂ T 3(J) and recalling
(17) we have T (1) = B + Bα − 1 > α. Accordingly, we can focus on the set
A = [−1, T (1)) ⊂ T 3(J), which can be written as the union of K1 = [−1, α)
and K2 = [α, T (1)). Since λ(K1) = 1 − α and λ(K2) = α + B + Bα − 1 then
the two intervals T (K1) = (T (−1), 1) and T (K2) = [−1, T 2(1)) overlap. Indeed

we obtain that T 2(1) > T (−1) if B >
√
2

1−α
, that is verified for all B >

√
2 since

α < 0. Therefore T 4(J) ⊆ T (K1) ∪ T (K2) = Λ. A specular reasoning holds for
δ < 0. �

We can use the above Lemma for proving the following

Theorem 5 Let T : Λ → Λ be the Sawtooth map with parameters (17). Then
Λ is a minimal invariant m-interval for T n : Λ → Λ, ∀n ∈ N, n > 0.

Proof. Let us assume J ⊆ Λ an invariant m-interval. If I ⊆ J is an arbitrary
interval then T k(I) ⊆ J , for all k ∈ N. We prove that there exists n0 ∈ N such
that T n(I) = Λ for all n ≥ n0 and therefore J = Λ is the unique invariant
m-interval for all iterates τn of τ .

Let I0 ⊂ Λ be an open interval such that I0 = (a0, b0) and let us define
δ0 = b0 − a0. Let k0 ≥ 0 be the smallest integer such that α ∈ T k0(I0).
This integer exists since the Sawtooth map is linear and expanding on Λ \
{α}, and until α /∈ T k(I0) ⊆ Λ the intervals of the sequence {T k(I0)} have
measures λ(T k(I0)) = Bkδ0 which increases exponentially (recall that B >

√
2).

Accordingly, we can split the interval T k0(I0) = (a1, b1) by the point α and we

focus on the open interval I1 = (α − |δ1|−δ1
2 , α+ |δ1|+δ1

2 ), where δ1 = a1 − α, if

α−a1 > b1−α, or δ1 = b1−α otherwise. It results that |δ1| ≥ Bk0 δ0
2 . Following

the same reasoning, let k1 > 0 be the smallest integer such that α ∈ T k1(I1). If
k1 = 1 then from Lemma 2 we have that T k0+5(I0) = Λ and the proof is over. If
otherwise k1 ≥ 2 then we split the interval T k1(I1) = (a2, b2) by the point α and

we focus on the open interval I2 = (α− |δ2|−δ2
2 , α+ |δ2|+δ2

2 ), where δ2 = a2 −α,

if α − a2 > b2 − α, otherwise δ2 = b2 − α. It results that |δ2| ≥ Bk2
|δ1|
2 > |δ1|.

Proceeding iteratively we can build a sequence of open intervals {In} such that

In ⊆ J and such that λ(In+1) = |δn+1| ≥ Bkn |δn|
2 ≥ Bk0 δ0

2

∏n
p=1

Bkp

2 with
kp ≥ 1. Since until kp > 1 for p = 1, 2, . . . the intervals of the sequence have
increasing exponential measures, there must be a step n0 for which kn0

= 1 and
from Lemma 2 we have that T k0+...+kn+4(I0) = Λ concluding the proof. �

We conclude this subsection noting that the previous Theorem states the
strong forward and backward topological transitivity of the Sawtooth map on Λ
with parameters (17), described by the following
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Corollary 2 For any couple of open sets J1, J2 ⊆ Λ, there exist integers p0, q0
such that if p ≥ p0 and q ≥ q0 both T p(J1)∩J2 and T−q(J1)∩J2 are non-empty
sets containing open intervals.

4.2 The Frobenius-Perron operator for the Sawtooth map

For piecewise affine maps the Frobenius-Perron operator can be written in the
simple form [14]

Θτf(x) =
∑

τ(y)=x

f(y)
∣

∣

∣

dτ
dy
(y)

∣

∣

∣

. (19)

Recalling the definition of I1 = [−1, α) and I2 = [α, 1) for the Sawtooth map
we have

ΘT f(x) =
1

B
f

(

x− 1

B
+ α

)

1T (I1)(x) +

+
1

B
f

(

x+ 1

B
+ α

)

1T (I2)(x). (20)

If we calculate T (I1) = [−B(1 + α) + 1, 1), T (I2) = [−1, B(1− α)− 1), and
recalling the conditions (17) we finally obtain

ΘT f(x) =











1
B
f
(

x+1
B

+ α
)

, if x ∈ J1,
1
B

[

f
(

x−1
B

+ α
)

+ f
(

x+1
B

+ α
)]

, if x ∈ J2,
1
B
f
(

x−1
B

+ α
)

, if x ∈ J3,

(21)

where J1 = [−1,−B(1 + α) + 1), J2 = [−B(1 + α) + 1, B(1 − α) − 1) and
J3 = [B(1− α) − 1, 1).

Invariant a.c. measures can be found solving the functional equation ΘT f
∗ =

f∗ a.e., searching for densities that are fixed points of the Frobenius-Perron
operator (up to an a.e. equivalence). Unfortunately, performing this task is
possible only for very simple cases and several methods have been proposed in
the literature for computing approximations of invariant measures [2,15–21]. In
Sec. 8 we present an efficient method which is suitable for the Sawtooth map.

4.3 Exactness of the Sawtooth map

In this subsection we discuss the exactness of the Sawtooth map, and we start
the study analyzing the support of a.c. invariant measures.

Lemma 3 Let µ = f ·λ be an invariant measure for the iterated Sawtooth map
with parameters (17) T n : Λ → Λ, with n ∈ N, n > 0. Then Λ = S(µ) = Ωf .

Proof. Let us assume ab absurdo that there exists an open interval I ⊂ Λ
such that µ(I) = 0. For any integer n ≥ 0 we have µ(I) =

∫

I
f(x)dx =

∫

I
Θn

T f(x)dx =
∫

T−n(I) f(x)dx = µ(T−n(I)) = 0. Since λ(T−n(I)) > 0 for all

n then f(x) = 0 a.e. over T−n(I). From Corollary 2 for any open set J2 there
exist p0 such that for all p ≥ p0 the set T−p(I) ∩ J2 has positive Lebesgue
measure. Since µ(T−p(I) ∩ J2) = 0 then f = 0 a.e. over T−p(I)∩ J2. From the
arbitrariness of J2 this implies that f(x) = 0 a.e. over Λ and this is impossible.
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Therefore S(µ) = Λ \∅ = Λ. If Ωf 6= Λ then let us consider x ∈ S(µ) \ Ωf . In
each interval (x − ǫ, x+ ǫ) ∩ Λ we have points of Ωf , otherwise there would be
in Λ the interval (x, x+ ǫ) with zero measure, and therefore S(µ) is the closure
of Ωf . �

Theorem 6 Any iteration T n of the Sawtooth map with parameters (17) admits
one unique probabilistic ergodic a.c. measure.

Proof. From Theorem 4 we know that the Sawtooth map has a finite number
of ergodic a.c. measures whose densities are of bounded variations. Let us
assume µ1 = f1 · λ and µ2 = f2 · λ to be ergodic a.c. measures, and let
f1, f2 be their related lower semicontinuos densities. Accordingly, µ1 and µ2

are concentrated on the open sets Ωf1 and Ωf2 respectively. From Lemma 3 we
have that Ωf1 = Λ = Ωf2 which implies Ωf1 ∩ Ωf2 6= ∅. On the other hand,
if the two measures are different they must be mutually singular (Theorem 2):
this is not possible since there exists an open interval J ⊂ Ωf1 ∩ Ωf2 such that
µ1(J), µ2(J) > 0. Therefore µ1 = µ2. �

We conclude this subsection proving the following

Theorem 7 The Sawtooth map with parameters (17) is an exact transforma-
tion with respect to its unique probabilistic ergodic a.c. measure µ = f · λ.

Proof. Since the previous Theorem assures the uniqueness of the ergodic
measure for T , we only have to prove that the periodic cycle described in eq.
(14) has period one. Indeed, let us consider a finite collection of k disjoint

sets {A1, . . . , Ak} such that S(µ) =
⋃k

j=1 Aj , and such that for φj = f1Aj
,

j = 1 . . . , k we have Θkφj = φj a.e., i.e., µj = φj · λ is an invariant measure.
Theorem 6 assures that T k has one unique ergodic measure. On the other
hand since the transformation T k : Aj → Aj is exact, it is also ergodic, and T k

should have k different mutually singular ergodic measures, which is impossible.
Therefore k = 1 and the Sawtooth map is exact over Λ with respect to its unique
probabilistic ergodic a.c. measure. �

4.4 The special case with B = 2

The special case with B = 2 deserves to be analyzed in detail. In such case,
according to (17), we have |α| ≤ 2

B
− 1 ⇒ α = 0 and the Lebesgue measure is

preserved. Indeed, from (18) we have λ(T−1(A)) = λ(A)/2 + λ(A)/2 = λ(A)
and the uniform distribution over Λ, i.e., f(x) = 1

2 is preserved. The same result
can be obtained using (21) and verifying the functional equation ΘT

1
2 = 1

2 .

5 The Skorokhod metric on Texp(I)

The set of maps Texp(I) previously introduced can be made a metric space. We
introduce the Skorokod metric on Texp(I) which will be used for studying the
robustness of invariant measures with respect to small parametric perturbations
[13].
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Definition 7 Give two maps τ1, τ2 : I → I the Skorokhod metric is defined as

ds(τ1, τ2) =

inf
{

ε > 0 : ∃ a diffeomorphism8 h : I → I and ∃A ⊆ I such that λ(I)− λ(A) <

ελ(I), and ∀x ∈ A it results τ1(x) = τ2(h(x)), |h(x)− x| < ε,
∣

∣

∣

1
h′(x) − 1

∣

∣

∣ < ε
}

.

We are interested in estimating the Skorokhod distance between two maps
(16) with different parameters. In detail, we assume T1, T2 : Λ → Λ as

T1(x) =

{

B1(x− α1) + 1 if x < α1,

B1(x− α1)− 1 if x ≥ α1

(22)

and

T2(x) =

{

B2(x− α2) + 1 if x < α2,

B2(x− α2)− 1 if x ≥ α2,
(23)

and we want to estimate dS(T1, T2). To this aim we will compute three quantities
K1,K2,K3 such that dS(T1, T2) ≤ max{K1,K2,K3}.

Accordingly, let us define two points p1, p2 ∈ [−1, 1] as

p1 = max

{

−1, α1 −
B2

B1
(1 + α2)

}

, (24)

and

p2 = min

{

α1 +
B2

B1
(1 − α2), 1

}

. (25)

It can be proved that the definition of p1, p2 is correct since if conditions (17)
are satisfied then p1, p2 ∈ [−1, 1]. We can therefore define the open interval
A = (p1 + δ, p2 − δ) ⊂ Λ, where 0 < δ < p2−p1

2 is arbitrary. We now have to
construct a diffeomorphism h such that T1(x) = T2(h(x)), ∀x ∈ A. It can be
easily verified that on the set A h has the linear form

h(x)|A =
B1

B2
(x− α1) + α2, (26)

whereas on Λ \A one can extend h such to make it a diffeomorphism in several
ways, e.g., with two polynomial functions: the extension method of h over Λ\A
does not matter (See Fig. 4).

By construction we have λ(Λ) = 2, λ(A) = p2 − p1 − 2δ = Lmin − 2δ, where
0 < Lmin ≤ 2 is determined by

Lmin = min

{

2,
2B2

B1
, (27)

1− α1 +
B2(1 + α2)

B1
, 1 + α1 +

B2(1 − α2)

B1

}

.

The four values in (27) are obtained considering the four permutations for the
couple of points p1 and p2, according to (24)-(25), and computing the general
expression for p2 − p1. Therefore we can write

K1 =
λ(Λ)− λ(A)

λ(Λ)
=

2− Lmin

2
+ δ. (28)

8A function h : I → I is a diffeomorphism on I if it is invertible and differentiable together
with its inverse.
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Figure 4: A diffeomorphism h : Λ → Λ that works for B̃ = 1.47, α̃ = 0.16,
B = 1.72, α = 0.20, δ = 0.1. For x > p2 − δ and x < p1 + δ the function is
completed with two parabolas.

If x ∈ A then

g(x) = |h(x)− x| =
∣

∣

∣

∣

x

(

B1

B2
− 1

)

+ α2 −
B1α1

B2

∣

∣

∣

∣

(29)

which implies that

sup
x∈A

g(x) ≤ max

{∣

∣

∣

∣

(

B1

B2
− 1

)

+ α2 −
B1α1

B2

∣

∣

∣

∣

, (30)

∣

∣

∣

∣

(

1− B1

B2

)

+ α2 −
B1α1

B2

∣

∣

∣

∣

}

= K2.

Finally,

K3 = sup
x∈A

∣

∣

∣

∣

1

h′(x)
− 1

∣

∣

∣

∣

=

∣

∣

∣

∣

B2

B1
− 1

∣

∣

∣

∣

. (31)

We have obtained an estimation for dS(T1, T2) since

dS(T̃ , T ) ≤ max{K1,K2,K3}. (32)

It is worth noting that since the Skorokhod distance is defined in (7) as an
infimum, in the estimation (32) the arbitrary value of δ derived from (28) can
be set equal to zero. We will use this result for analyzing the Sawtooth map
with parameter perturbations.
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5.1 Converging sequences of Sawtooth maps

Let us consider a sequence of parameters {Bn, αn} such that ∀n ∈ N the con-
ditions (17) are satisfied. We denote with Tn : Λ → Λ the Sawtooth map (16)
defined by the parameters Bn and αn.

With reference to the metric space (Texp(Λ), dS) we say that the sequence

of maps {Tn} converges to T̃ if

lim
n→∞

dS(T̃ , Tn) = 0.

The following proposition assures the existence of a converging sequence of Saw-
tooth maps.

Proposition 2 Assuming conditions (17) satisfied, let us consider the param-
eters B̃, α̃ and the sequence {Bn, αn}. If

lim
n→∞

Bn = B̃, lim
n→∞

αn = α̃, (33)

then {Tn} converges to T̃ .

Proof. From (28)-(31) we have that limn→∞ K2 = limn→∞ K3 = 0. Since δ
in (28) is arbitrary the same result holds for K1, and inequality (32) assures the
convergence. �

6 Robustness of the invariant measure

In this section we study the robustness of the unique a.c. ergodic measure for the
Sawtooth map under parameter perturbations. Toward this aim, following the
approach of Keller, Boyarsky and Góra [13, 28], we first introduce a theoretical
framework valid for a large class of piecewise expanding transformations, then
we prove the robustness of the Sawtooth map.

Let us consider a sequence of maps {τn}, with τn ∈ Texp(I), and the associ-
ated sequence of Frobenius-Perron operators {Θτn}.

Definition 8 The sequence {Θτn} is called S-bounded if there are 0 < C < 1
and D > 0 and for each n ∈ N there exist kn ∈ N such that

∥

∥Θkn
τn
f
∥

∥

BV
≤

C ‖f‖BV +D ‖f‖1, f ∈ BV (I).

About the robustness of invariant measures, the following fundamental result
holds [13]

Theorem 8 Let τ̃ ∈ Texp(I) be a map that admits one unique ergodic a.c.
probabilistic measure, and let us consider a sequence of maps {τn}, with τ̃ , τn ∈
Texp(I). If the sequence {Θτn} is S-bounded and limn→∞ ds(τ̃ , τn) = 0 then
for sufficiently large n the map τn admits one unique ergodic a.c. probabilistic
measure, and the sequence of densities {fn} related to the sequence of ergodic
probabilistic measures converges in L1(I,BR, λ) to the ergodic density f̃ of τ̃ ,
i.e.,

lim
n→∞

∥

∥

∥f∗
n − f̃∗

∥

∥

∥

1
=

∫

I

|f∗
n(x)− f̃∗(x)|dx = 0. (34)
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6.1 Robustness of the Sawtooth map

We now focus on the Sawtooth map and we consider a generic sequence of
parameters {Bn, αn} with a slightly stronger restriction on than (17). In par-
ticular, it is required that two positive constants Bmin and αmax exist such that
∀n ∈ N

0 ≤ |αn| ≤ αmax <

√
2− 1

1 +
√
2
, (35)

and √
2 < Bmin ≤ Bn ≤ 2

1 + |αn|
. (36)

The restriction avoid us to take into account not interesting particular values
for the parameters.

If we denote with Tn : Λ → Λ the Sawtooth map (16) defined by parameters
(Bn, αn), we can refer to the related sequence of Frobenius-Perron operators
{ΘTn

}.

Lemma 4 If (35)-(36) are satisfied then the sequence {ΘTn
} is S-bounded.

Proof. We show that there exist 0 < C < 1 and D > 0 such that for each
n ∈ N we have

∥

∥Θ2
Tn

f
∥

∥

BV
≤ C ‖f‖BV +D ‖f‖1, f ∈ BV (I). Let us consider,

for each n, the map T 2
n defined as

T 2
n(x) =

=



















B2
n(x− αn) +Bn + 1, if − 1 ≤ x < αn+Bnαn−1

Bn
,

B2
n(x− αn) +Bn − 1, if αn+Bnαn−1

Bn
≤ x < αn,

B2
n(x− αn)−Bn + 1, if αn ≤ x < αn+Bnαn+1

Bn
,

B2
n(x− αn)−Bn − 1, if αn+Bnαn+1

Bn
≤ x < 1.

(37)

The map T 2
n belongs to Texp(Λ), and its associated Frobenious-Perron operator

satisfies the equation ΘT 2
n
= Θ2

Tn
. If conditions (35)-(36) are satisfied then the

four intervals partitioning Λ have positive measure, and the smallest interval
has length greater than λmin = (Bmin − αmax −Bminαmax − 1)/Bmin.

FromTheorem 1 we have that VΛ(Θ
2
Tn

f) = VΛ(ΘT 2
n
f) ≤ δ1n ṼΛ(f)+

δ1n
δ2n

‖f‖1,
where for the map T 2

n we have δ1n = 2
B2

n
and δ2n > λmin. Accordingly,

∥

∥Θ2
Tn

f
∥

∥

BV
= ‖f‖1+VΛ(Θ

2
Tn

f) ≤ 2
B2

n
VΛ(f)+

2
B2λmin

‖f‖1+‖f‖1 = 2
B2 ‖f‖BV +

(1− 2
B2

n
+ 2

B2
nλmin

) ‖f‖1, concluding the proof. �

Referring to Theorem 8 and Lemma 4, and on the previous results, we can
now state the robustness of the invariant measure for the Sawtooth map with
the following

Theorem 9 Assuming conditions (35)-(36) satisfied, let us consider the pa-
rameters B̃, α̃ and the sequence {Bn, αn}. If

lim
n→∞

Bn = B̃, lim
n→∞

αn = α̃, (38)

then the sequence of unique ergodic probability densities {f∗
n} of {Tn} strongly

converges in L1(Λ) to the unique ergodic probability density f̃∗ of T̃ , i.e.,

lim
n→∞

∥

∥

∥f∗
n − f̃∗

∥

∥

∥

1
= 0. (39)
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It is worth remarking that (39) implies the convergence of measures, i.e.
limn→∞ µ∗

n = µ̃, where µ∗
n = f∗

n · λ and µ̃ = f̃∗ · λ.

7 Invariant Measures for Nontrivial Parameter

Values

We have proved that the Sawtooth map with parameters satisfying (17) admits
one unique ergodic pdf and, as already discussed in Section 4.4, the uniform
distribution defines the unique ergodic a.c. measure for the case B = 2. The
analytical expression of the invariant densities for the Sawtooth map with B < 2
can be written only for few special values of the system parameters.

In this section we restrict our attention to the set of piecewise affine ex-
panding maps Taex(I) ⊂ Texp(I) for which there exists a partition of intervals
M ∈ PI , M = {Ii, i = 1, . . . ,m,with m > 0}, such that τ |Ii is a function of the
form k1x+ k2, with |k1| > 1 and k1, k2 ∈ R. The Sawtooth map belongs to this
set.

In the following we assume the interval I bounded by its endpoints a, b ∈ R,
a < b. If the endpoints a, b of I do not belong to I, we can extend τ to
I, and we have τ(a), τ(b) ∈ I. We denote with τ+(x) and τ−(x) the limits
limy→x+ T (y) and limy→x− T (y), respectively, and we assume for notation con-
venience τ+(x) = τ−(x) = τ(x), for x = a, b.

7.1 Markovian Transformations

Markovian transformations are a special class of piecewise monotonic trans-
formations. In these systems there exists a nontrivial defining partition9 of
intervals M such that each one of them is mapped onto a connected union of
intervals of the same partition. More in detail, we have the

Definition 9 Let us denote with Maex(I) ⊂ Taex(I) the class of Markovian
piecewise expanding affine maps. The map τ ∈ Maex(I) if and only if there
exists a partition M ∈ PI with endpoints EM = {s0, . . . , sm} such that for
any open interval (si, si+1) there are two endpoints sj < sk in EM and τ :
(si, si+1) → (sj , sk) is an affine homeomorphism10.

It is worth noting that in the previous definition sj and sk are determined
computing τ+(si) and τ−(si+1). Moreover, τ(EM ) ⊆ EM . It is well known
that for Markovian transformations the Frobenius-Perron linear operator can
be related to the transition probability matrix Wτ ∈ R

m×m of a finite Markov
chain, in which each state is related to an element of the partition M . The
entries of the stochastic matrix Wτ are defined as [13]

wi,j = P (xn+1 ∈ Ij |xn ∈ Ii) =
λ(Ii ∩ τ−1(Ij)

λ(Ii)
, (40)

and invariant densities for the associated Markov chain are described by invari-
ant row vectors v∗ ∈ R

+m
such that v∗Wτ = v∗. These invariant vectors define

9For example, the partition Q in the Definition 2 given for piecewise expanding maps.
10A continuous function f between two topological spaces X and Y is called a homeomor-

phism if it is a bijection and if the inverse function f−1 is continuous.
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Figure 5: The Markovian Sawtooth map with α = 0 and B defined in (42) and
its defining partition M .
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Figure 6: The invariant pdf associated with the Sawtooth map of Fig. 5.
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Figure 7: The Markov chain associated with the Sawtooth map of Fig. 5.

the levels of piecewise constant invariant densities for the transformation τ , i.e.,
there exist m levels {l1, . . . , lm} (the entries of the invariant vector v∗) such that
the piecewise constant density

f∗(x) =
∑

1≤i≤m

li
λ(Ii)

1Ii(x), (41)

defines an a.c. invariant measure for the transformation τ . Accordingly, solving
the linear system v∗Wτ = v∗ such that

∑

1≤i≤m li = K, with li ≥ 0, provides
solutions for the functional equation Θτf

∗ = f∗ a.e.. Note that if K = 1 we
obtain probability vectors and, consequently, (41) yields probability densities.

Example 1

The Sawtooth map with parameters B = 2, α = 0 is a trivial case of Markovian
transformation. In such case the induced Markov chain has two states (asso-
ciated with the partitioning intervals [−1, 0) and [0, 1)). The Markov chain
process is a memoryless unbiased Bernoulli process, and the piecewise constant
invariant density for T given by (41) is the uniform distribution. This fact
suggested the use of the Sawtooth map for random bit generation, being the
random binary sequence obtained recording the digital sequence {bn} at the
output of the comparator in the block diagram of Fig. 1. There are several
simple well known piecewise affine maps sharing the Bernoulli property with
the Sawtooth map [2, 3, 13].

Example 2

A more interesting example is obtained considering the parameters α = 0 and

B =
θ2 + θ + 4

3θ
≈ 1.84, (42)

where θ =
3
√

19 + 3
√
33. In such special case we have a Markov chain induced

by the partition M depicted in Fig. 5, which is a refinement of the smallest
defining partition Q introduced in Def. 2. The endpoints of the partition M are
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the element of the set {± T k(−1), 0 ≤ k ≤ 3}, where for the particular chosen
values of parameters we have T 3(1) = T 3(−1) = 0.

Since λ(I1) = λ(I6) = 2 − B, λ(I2) = λ(I5) = 2B − B2, λ(I3) = λ(I4) =
2B2 −B3, using (40) one can obtain the transition probability matrix

WT =

















0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 λ(I3) λ(I2) λ(I1)

λ(I1) λ(I2) λ(I3) 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

















. (43)

Solving the linear system v∗WT = v∗ such that
∑

1≤i≤m li = 1, with li ≥ 0,

one can compute the analytical expression of the invariant density (41), where

l1 = l6 =
2−B

2(5−B2)
,

l2 = l5 =
2 +B −B2

2(5−B2)
, (44)

l3 = l4 =
1

2(5−B2)
,

obtaining the invariant probability density depicted in Fig.6.
If used for random bit generation, this Markovian map defines a binary

process {bn} ruled by the hidden Markov chain of Fig. 7.

7.2 The general case

The main problem when dealing with piecewise affine maps with nontrivial
parameter values is to determine their invariant measures. The issue may appear
simplified for Markovian transformations, but in practical cases the problem of
determining if a given map is Markovian (and therefore the problem of finding
the related defining partition M) is unfeasible, and the estimation of invariant
measures is achieved resorting to numerical calculations. About this point we
provide the following

Proposition 3 Referring to the notation in Def. 2, let τ ∈ Taex(I) and let
EQ = {p0, . . . , pq} be the endpoints of its defining partition Q.11 The map τ is
Markovian if and only if there exists an integer n such that

τn(Σ) ⊆ ∪n−1
k=0 τ

k(Σ), (45)

where Σ = EQ ∪ τ−(EQ) ∪ τ+(EQ).

Proof. If (45) holds, then let us consider the partitionM ∈ PI with endpoints
EM = ∪n−1

k=0 τ
k(Σ). Since EQ ⊆ EM then M is a refinement of Q and τ is

affine over each element of the partition M . Let us consider two contiguous
endpoints si, si+1 ∈ EM . If si ∈ EQ ⊆ Σ then τ−(si), τ+(si) ∈ Σ ⊆ EM , and
the same holds for si+1. If otherwise si /∈ EQ then τ is continuous in si and
τ−(si) = τ+(si) = τ(si) ∈ EM . Accordingly, for any open interval (si, si+1)

11Recall that we assume the defining partition Q to be the smallest one.
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there are two endpoints sj < sk in EM such that τ : (si, si+1) → (sj , sk) is an
affine homeomorphism, and τ ∈ Maex(I).

On the other hand, let τ ∈ Maex(I), let M be its Markovian defining parti-
tion. Any endpoint p of Qmust belong to EM , otherwise there would be an inter-
val (si, si+1), si, si+1 ∈ EM , in which the map is not affine. From the Markovian
property τ((si, si+1)) is an open interval bounded by τ+(si), τ−(si+1) ∈ EM and
the set EM must contain τ+(p), τ−(p), for each endpoint p ∈ EQ, i.e., Σ ⊆ EM .
Since τ(EM ) ⊆ EM , (45) holds. �

On the basis of the previous proposition, a map τ ∈ Texp(I) is Markovian if
and only if any initial condition belonging to the set Σ = EQ ∪ τ−(EQ)∪ τ+(EQ)
triggers an eventually periodic orbit. Typically, this fact is true for a zero-
measure countable subset of parameter values which is dense in the chaotic
parameter space [27]. As a result, any map τ belonging to Texp(I) can be
studied taking into account a Markovian map τ ′ with a dynamical behavior
“arbitrarily close” to the one of the original transformation τ . This theory is
known as the Approximation by Markov Transformations Method [13], and on
this basis some numerical algorithms have been proposed for the estimation of
invariant measures (see, e.g., [2, 15–21] and the references cited therein).

Besides the numerical methods based on the above mentioned approach,
a variety of algorithms have been proposed in the literature for the estima-
tion of invariant measures in chaotic systems. Basically, the known methods
can be grouped in different classes that, depending on the chaotic system, in-
volve different amounts of both algorithmic complexity and resulting accuracy
of the calculations: the Monte-Carlo methods or other methods based on the
discretization of the Frobenius-Perron operator [2, 15–21].

8 An alternative efficient method

In this Section we discuss an alternative efficient method for estimating the
invariant measure of piecewise affine chaotic maps defining stochastically stable
dynamical systems. We first prove the following

Proposition 4 Let τ ∈ Taex(I), and let Q be its defining partition. If f ∈ L1(I)
is piecewise constant a.e.12, then Θτf is piecewise constant a.e..

Proof. Let us assume f a.e. equal to a piecewise constant function g ∈ L1(I),
and let J ∈ PI be a partition of intervals of I such that the restriction of g
over each element of the partition is constant. Let us consider the refinement
R = J ∨Q = {R1, . . . , Rm}. The function g can be redefined on a finite number
of endpoints of J such that each element Rk ∈ R is an interval delimited by two
endpoints ck < dk belonging to I. It follows that the restriction of τ |Rk

is affine,
with the form αkx+βk, whereas the restriction g|Rk

is constant and equal to lk.
Each interval Rk is mapped to the interval τ(Rk) ⊆ I delimited by the couple
of endpoints vk < wk belonging to I. It is worth noting that the endpoints of I,
a and b, must belong to the set ∪m

k=1{vk, wk}, since we have τ(I) = I. We can
therefore consider the new partition R′ = {L1, · · · , Ls} of intervals in I with
endpoints ER′ obtained ordering the set ∪m

k=1{vk, wk}. By construction we have

12We refer to functions a.e. equal to simple functions with a finite number of discontinuities
and constant over positive measure intervals partitioning I.
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that τ−1(Li) = ∪m
j=1Ki,j 6= ∅, where Ki,j = {x ∈ Rj : τ(x) ∈ Li}. It follows

from the expression of the Frobenius-Perron operator for piecewise affine maps
(19) that ∀x ∈ Li we have

Θτg(x) =
m
∑

j=1

lj
|αj |

u(Ki,j), (46)

where the function u : BI → {0, 1} is defined as

u(A) =

{

0, if A =∅,
1, otherwise.

(47)

Accordingly, the restriction of the pdf Θτg over each element of the partition
R′ is constant and Θτf is constant a.e..13 �

A piecewise constant pdf f ∈ D1(I) can be easily described with a matrix

H =











x0 l0
...

xN lN
xN+1 0











, (48)

such that x0 = a, xN+1 = b and if xi ≤ x < xi+1 then f(x) = li. Furthermore,

due to the normalization property of pdfs,
∑N

k=0 lk(xk+1−xk) = 1. The matrix
H has 2 columns and N + 2 rows, and the entries of its first column are the N
discontinuity points of f , plus the two endpoints of I (a and b).

We can prove the following

Proposition 5 Let f be piecewise constant, and let N be its number of discon-
tinuities in I. The pdf ΘTf has at most N + 2(q − 1) discontinuities, where q
is the number of elements of the partition Q.

Proof. Let us refer again to the partitions R = {R1, . . . , Rm} and R′ =
{L1, . . . , Ls} previously introduced. The partition R is made of N + q intervals
in the worst case, that is if none of the N discontinuity points of f agrees with
any of the q+1 endpoints of Q. 14 The endpoints ER′ of R′ are the endpoints of
the intervals τ(Rk), that are no more than 2(N+q) points. Nevertheless, since in
the worst case the N discontinuity points fall inside the sub-intervals over which
τ is affine, we have that the intervals τ(Rj) and τ(Rj+1) share one endpoint,
for N different values of j such that 1 ≤ j < m. Accordingly, the maximum
number of elements of ER′ is 2(N + q) − N = N + 2q. Since two endpoints of
R′ agree with a and b, Θτf has at most N + 2(q − 1) discontinuities. �

Using the Frobenius-Perron operator, one can obtain a sequence of pdfs using
the rule fn+1 = Θτfn = Θn+1

τ f0. Proposition 4 assures that if the starting
pdf f0 is piecewise constant, such sequence can be unambiguously described
by a sequence of matrices {Hn, n ∈ N}. In general, if N(n) is the number of
discontinuities of fn, the number of rows of the matrix Hn is equal to N(n)+2.
As a direct consequence of the previous results, we have the following

13We recall that if f = g a.e. then Θτf = Θτg a.e..
14If we add an arbitrary endpoint to Q, one of its interval is split in two parts, adding one

element to the partition.
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Corollary 3 Let x0(n), . . . , xN(n)+1(n) be the entries of the first column of Hn,
and let {pi, 0 ≤ i ≤ q} be the endpoints of Q. The entries of the first column of
Hn+1 are the elements of the set τ({x0(n), . . . , xN(n)+1(n)}) ∪ τ−({pi, 0 ≤ i ≤
q}) ∪ τ+({pi, 0 ≤ i ≤ q}).

8.1 The proposed algorithm

The following method for the estimation of the invariant measure for a given
transformation τ ∈ Taex(I) is valid for those maps that are stochastically stable,
i.e., for which the strong mixing property (11) holds (as stated by Theorem 3
exact maps have this properties [13,14]). In particular, we recall from Theorem
3 that if τ ∈ Texp is exact then one unique invariant density f∗ ∈ DBV (I), a
positive constant K and a constant 0 < r < 1 exist such that for any p with
1 ≤ p ≤ ∞ and for any n ∈ N

‖Θn
τ g − f∗‖p < Krn ‖g‖BV , ∀g ∈ DBV (I). (49)

The idea is to study the evolution of the uniform distribution for computing an
estimation of the invariant density f∗. Accordingly, we first remark that if we
consider f0 as the uniform distribution over I, described by the matrix

H0 =

(

x0(0) = a l0(0) =
1

b−a

x1(0) = b l1(0) = 0

)

, (50)

directly from Proposition 5 we have the following

Corollary 4 Let f0 be uniform. The matrix Hn has at most 2+2n(q−1) rows.

The stochastic stability (11) of the system assures that the evolution of the
uniform distribution {Θn

τ f0} is a converging sequence of densities in BV (I).
Since a converging sequence is always a Cauchy sequence, if we define En =
ess supx∈I

∣

∣Θn
τ f −Θn−1

τ f
∣

∣ = ‖fn − fn−1‖∞, we have that limn→∞ En = 0.
Since the invariant density f∗ is unknown a priori, we can not directly estimate
the quantity ‖Θn

τ f − f∗‖p, and we refer to the quantity En for determining a
criterion to stop the following algorithm:

1. set n := 1 and H0 as in (50) (the uniform pdf);

2. compute the entries of the first column of H1 by sorting the elements of
the set {x0(1), . . . , xN(1)+1(1)} =
τ−({pi, 0 ≤ i ≤ q}) ∪ τ+({pi, 0 ≤ i ≤ q});

3. compute the levels l0(n), . . . , lN(n)(n) by means of (19);

4. compute En and if En ≤ ε then STOP;

5. compute the entries of the first columns of Hn+1 by sorting the elements
of the set τ({x0(n), . . . , xN(n)+1(n)})∪ τ−({pi, 0 ≤ i ≤ q})∪
τ+({pi, 0 ≤ i ≤ q});

6. set n := n+ 1 and REPEAT from step 3);

Each step of this algorithm requires basic low-complexity computations, and in
step 4) the quantity ε is the accepted threshold for En, introduced for stopping
the algorithm. The number of rows of the involved matrices grows linearly with
n, whereas the convergence rate is assured from (49) to be at least exponential15.

15It is easy to prove that En approaches 0 faster than 2Krn ‖g‖BV .
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Figure 8: In the left column, the computed estimation of the invariant pdf f∗

for system (16), when (a) B = 1.78, α = −0.0288, (b) B = 1.89, α = −0.0414
and (c) B = 1.99, α = 0.0036, setting ǫ = 10−4. In the right column, the
three related sequences En = ess supx∈Λ

∣

∣Θn
τ f −Θn−1

τ f
∣

∣ are reported for n =
2, . . . , 20.

Exploiting the proposed algorithm a piecewise constant pdf f̃∗ can be com-
puted for approximating f∗, with an accuracy that can be – in principle –
arbitrary.

8.2 Speed of convergence and estimation accuracy

The results of the proposed algorithm for the estimation of the invariant pdf
are reported in Fig. 8 for three different parameter values of the Sawtooth map
(16). In the left column the estimated pdfs are depicted, whereas in the right
column the sequences En, for n = 2, . . . , 20 are reported for each case. The
E1 values are omitted in the graphs to allow a magnification of the plots for
small values of En (the omitted values are (a) E1 ≈ 0.22, (b) E1 ≈ 0.24, (c)
E1 ≈ 0.25, i.e., they are much greater than the respective values of E2). It
is interesting noting that if B → 2 the estimated pdf approaches the uniform
distribution, according to the robustness property of the invariant measure for
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the Sawtooth map, discussed in Section 6.116.
The accuracy and the speed of convergence of the algorithm is hereafter

discussed; in particular we discuss how the halting threshold ǫ determines the
accuracy of the obtained estimation of f∗. The problem of estimating the invari-
ant density f∗ is equivalent to finding an approximated solution of the functional
equation

Θτf
∗ = f∗, f∗ ∈ DBV (I). (51)

In general, if f ∈ DBV (I) we can write Θτf = f + e, where e ∈ BV (I), and
E = ‖Θτf − f‖∞ = ‖e‖∞. Accordingly, the halting threshold ǫ in the algo-
rithm represents a direct measure of the accuracy with which the approximated
solution of the functional equation (51) is calculated. Therefore, if n is the
smallest integer such that En < ǫ then, by denoting g = Θn−1

τ f0, we have

Θτg = g + e, with ‖e‖∞ < ǫ. (52)

Depending on the accuracy of the required application, if ǫ is chosen sufficiently
small we can assume Θτg ≈ g.

A further remark on the theoretical meaning of the sequence En is given by
noting that we can write fn = Θn

τ (f0) = f∗ + en, where en ∈ BV (I) for all
n ∈ N and the sequence {en} is such that for any 1 ≤ p ≤ ∞

lim
n→∞

‖en‖p = lim
n→∞

‖en‖BV = 0. (53)

Accordingly, if En = ‖fn − fn−1‖∞, due to the linearity of the Frobenius-Perron
operator, we have En = ‖Θτen−1 − en−1‖∞.

As it can be observed from the three examples in Fig. 8, the sequence En

is not monotonically decreasing: we only know from (49) that it is bounded
by a decreasing exponential curve depending on the two constants K and r.
According to our experience and taking into account the piecewise affine systems
considered in the literature for ICT applications [2–4,8], the number of required
iterations is typically small (e.g., less than 20 iterations setting ǫ = 10−4). The
proposed method converges not slower than exponentially, it requires basic and
low-complexity calculations and it has a complexity that grows linearly with
the iterations, resulting particularly suitable for performing the huge amount
of computer simulations commonly required for evaluating the robustness of
chaotic sources with respect to parameter random deviations (e.g., due to the
hardware implementation). We have proposed such an application example of
this algorithm in [29].

The ignorance of the constants K and r in (49) does not allow for setting a
priori the number of the iterates to be executed before halting the algorithm.
As a comment to this issue, it is worth recalling that the Frobenius-Perron
operator is an infinite dimensional operator, and the problem of determining
analytically the constants K and r is unfeasible in the majority of cases [2,
13]. These constants can be estimated numerically using the finite dimensional
approximation of the Frobenius-Perron operator, but involving an algorithmic
complexity that makes useless the method proposed in this paper. Indeed,
the Frobenius-Perron operator is approximated with the transition probability
matrix of a finite Markov chain, and the problem of finding an estimation for

16In this case the limit of the sequence of invariant measures associated with the converging
sequence of Sawtooth maps is described by the uniform distribution.
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the invariant density is related to quantifying the accuracy of the approximating
Markov chain [2].

9 Conclusions

In this paper a theoretical approach for studying the effects of parameter pertur-
bations on the chaotic statistics for piecewise affine expanding transformations
is provided. In detail, the ergodic behavior of these systems is discussed adopt-
ing the approach developed by Boyarsky and Góra, with particular reference to
the family of Sawtooth maps, and the robustness of their invariant measures is
studied. Although the study is particularly focused on this specific family of
maps, the authors stress that the proposed approach can be easily generalized
to any family of piecewise affine maps considered in the literature. Moreover,
in the paper an efficient method is proposed for estimating the unique invariant
density of stochastically stable piecewise affine maps. The method converges
not slower than exponentially, it requires basic and low-complexity calculations,
and it has a complexity that grows linearly with the iterations. Therefore, it
results particularly suitable for performing the huge amount of computer sim-
ulations commonly required for evaluating the robustness of chaotic stochastic
sources with respect to parameter random deviations (e.g., due to the hardware
implementation). The accuracy of the method is theoretically guaranteed.
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